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Abstract of The Thesis 

We study the power law running of gauge, Yukawa and quartic scalar couplings in the universal 
extra dimension scenario where the extra dimension is accessed by all the standard model 
fields. Assuming compactification on an S^ jZ^ orbifold, we compute one-loop contributions 
of the relevant Kaluza-Klein towers to the above couplings up to a cutoff scale A. We get 
a low unification scale around 30 TeV for a radius i? ~ 1 TeV~^. We also examine the 
consequences of power law running on the triviality and vacuum stability bounds on the Higgs 
mass. Supersymmetric extension of the scenario requires R^^ to be larger than ~ 10^'^ GeV in 
order that the gauge couplings remain perturbative up to the scale where they tend to unify. 

Restricting the first two fermion generations in the brane, we derive, using the effective potential 
approximation technique, an upper limit on the mass of the lightest CP-even neutral Higgs in 
the minimal supersymmetric standard model in the presence of extra dimensions. We observe 
that the lightest Higgs, whose upper bound in four dimensions is ~ 135 GeV, may comfortably 
weigh around 200 GeV (300 GeV) with one (two) extra dimension(s). 

The 5*0(10) Grand Unified Theory (GUT) is a preferred choice for the unification of different 
standard model gauge groups. A low intermediate scale within minimal supersymmetric 5*0(10) 
GUT is a desirable feature to accommodate leptogenesis. We point out that any one of three 
options - threshold corrections due to the mass spectrum near the unification scale, gravity 
induced non-renormalizable operators near the Planck scale, or presence of additional light 
Higgs multiplets - can permit unification along with much lower values of M^ in both the 
doublet and triplet higgs scalar models. In the triplet model, independent and irrespective of 
these corrections, we find a lower bound on the intermediate scale, M^ > 10^ GeV, arising from 
the requirement that the theory must remain perturbative at least upto the GUT scale. We 
show that in the doublet model Mr can even be in the TeV region which, apart from permitting 
resonant leptogenesis, can be tested at LHC and ILC. 

We have also explored the quark model interpretation of the pentaquark state. We estimate 
the pentaquark (qqqqq) mass after calculating the SU{6) unitary scalar factors and Racah 
coefficients to incorporate proper colour-spin symmetry properties for the triquark (qqq) state. 
When hyperfine interactions are assumed to be quark fiavour independent and of the same 
strength for diquarks and triquarks, extracting it from the baryon sector yields a 6^ mass 
prediction of 1534 MeV. In this framework, other pentaquark states S with S=-2 and 6'^ with 
C=-l are expected at 1558 MeV and 2895 MeV respectively. 
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Chapter 1 



Introduction 



1.1 Introduction 

The Standard Model (SM) of particle physics describes the dynamics of the elementary particles. 
It is a gauge field theory based on the group SU{2)l x f/(l)y x S'f/(3)c- The electroweak 
theory [SU{2)l x f/(l)y), proposed by Glashow-Salam- Weinberg [1], describes the weak and 
electromagnetic interactions between the fundamental particles (quarks and leptons). The 
colour gauge group SU{?>)c acts only on the quark sector. Under the SU{2)l gauge group the 
left-handed particles are charged ones but the right-handed particles transform trivially. The 
electromagnetic interaction, as like the gravitational interaction, is of infinite range but the 
ranges of the weak and strong forces are finite. The masslessness of the photon field explains 
the long range behaviour of the electromagnetic field. Experiments revealed the weak gauge 
bosons as massive as required by the short-range characteristic of the weak interaction. To 
explain the same for the strong interaction we need the principle of colour confinement which 
states that the only observable states are the colour singlet hadrons. Thus, in spite of the fact 
that the gluons, the carrier of strong interactions, are massless the strong interaction is of finite 
range. Although, we need massive weak gauge bosons to explain the short range behaviour of 
the weak interaction, the SU{2)l gauge symmetry does not permit them, and fermions as well, 
to have a mass term in the Lagrangian. 

The spontaneous symmetry breaking mechanism is a way out to generate the weak gauge bo- 
son and fermion masses in the standard model by introducing an additional weak isodoublet 
complex scalar field. Weak gauge bosons get masses by absorbing three Goldstone bosons, 
three components of the scalar field, the remaining degree of freedom corresponds to a physical 
particle, the Higgs boson, the most wanted member for the present particle physics collider 
search. Once we choose a ground state, out of infinite possibilities, as the physical one, the 
electro-weak SU{2)l x f/(l)y symmetry breaks to U{1)q symmetry. As a result, via the spon- 
taneous symmetry breaking, the weak gauge bosons and the fermions acquire non-zero masses. 
In most versions of new physics beyond the standard model nowadays the Higgs sector plays a 
key role. 



The standard model, till now, is in very good agreement with different experiments, like LEP, 
Tevatron run-I & -II, HERA etc. It has predicted different wealc gauge boson masses very 
precisely, made several predictions for testing quantum electroweak corrections, etc. which 
have all been verified. Despite the tremendous success of the standard model it has a few 
shortcomings. First of all the Higgs boson is not found in any of the present or past experiments. 
There is no satisfactory explanation of why should there be any gauge symmetry i.e. why 
should the Lagrangian be invariant under the local gauge transformations? Why only three 
generations of fermions are there? All the fermions and Higgs boson masses and the gauge 
coupling constants are only parameters in the standard model. The clear evidence for physics 
beyond the standard model is the small nonzero neutrino mass. Introducing a heavy right- 
handed neutrino in the see-saw mechanism one can explain the light neutrino mass. To reduce 
the large number of parameters of the standard model the Theory of Grand Unification has been 
introduced. According to this theory the difference in gauge coupling strengths is a low energy 
behaviour, the coupling 'constants' are functions of the energy scale and all gauge couplings 
will unify to a single one at an energy scale, the GUT scale (~ 10^^ GeV), much higher than 
the electro-weak scale. In that high scale not only the gauge couplings but all the fermions 
from a generation can be put in a single (or a finite) multiplet(s) which leads to a few mass 
parameters and hence only a few Yukawa couplings. The problem which causes an itch to 
the high energy particle physicists is the huge difference between the Planck scale (10^^ GeV) 
and the electroweak symmetry breaking scale (~ 100 GeV). The Higgs boson mass receives a 
quadratically divergent quantum loop correction of the order of the Planck scale. This huge 
correction one can remove by introducing TeV scale new physics like Super symmetry. Extra 
Dimensions etc. The standard model does not include the gravitational interaction. 

Beyond the standard model, thus, is an obvious area we have to look into in order to explain 
the present and future experimental data as well as to have a clear picture about the physics. 
So, a detailed discussion of some of the new physics is first presented. Based on the current 
experimental data we put some constraints on different parameters of the new physics and 
have also discussed how different standard model phenomena change their characteristic in the 
presence of such new physics. So let us begin with a short discussion of the standard model 
and new physics beyond it for a better understanding of the work reported in this thesis. 



1.2 The standard model 

The standard model, as we stated in the previous section, is a gauge field theory based on the 
group SU{2)l X f/(l)y X SU{3)c- The particle content of the SM is enlisted in Table 1.1 with 
their corresponding gauge group representations. The left-handed particles are doublet under 
the SU{2)i gauge transformation while the right-handed ones are singlet. As SU{?))c group 
does not distinguish left or right chirality, so both type of quarks are triplet while letpons are 
singlet. The hypercharge quantum number Y is normalised to 

Q = h + Y, (1.1) 



Nature 


particles 


SU{3)c X SU{2)l X f/(l)y 


Quarks (left-handed) : Ql 




(3, 2, 1) 


u 

Quarks (right-handed) : ^ 


UR, Cr, tR 
dR, Sr, bR 


1,3'^' -1/3 j 


Leptons (left-handed) : L^ 




(1,2, -i) 


Leptons (right-handed) : Ir 


^Ri l^Ri '^R 


(1,1,-1) 


SU{3)c gauge boson 


Gl (a=l,..,8) 


(8,1,0) 


SU{2)l gauge boson 


Wl (i=l,2,3) 


(1,3,0) 


U{1)y gauge boson 


B, 


(1,1,0) 



Table 1.1: The fundamental nnatter and mediator members of particle physics. 



where Q is the electric charge and J3 is the third component of the isospin vector. The standard 
model also contains a yet to be observed SU{2)l doublet scalar, the essential ingredient for the 
Higgs mechanism. 



$ 



0^ 



= (1,2, 



:i.2) 



Both the 0+ and 0° are complex fields which can be expressed in terms of real scalar fields 0, 



1 1 

—=(01 + 202) and 0° = — (03 + i04) 



1.3) 



1.3 Gauge invariance of the SM 



Let us consider a Dirac field \E' and assume that the theory is invariant under the transformation 

^(x) -^ f/^(a;) (1.4) 

where, U = e*"'-^-'. This is a phase rotation through an angle a{x) that itself depends on the 
space-time point. 

Let us start with the Lagrangian of a free Dirac field which can be written as 

C = ^{i^d^ - m)^ (1.5) 



Independence on space-time of a leaves eqn.(1.5) invariant under the transformation eqn.(1.4). 
Will the Lagrangian be invariant when a depends on the space-time point as well? The mass 
term m^\E' is invariant under both the global as well as the local phase rotations. The problem 



will arise with the kinetic term; it is not invariant under the local phase transformation. But, 
one can make a co-variant kinetic term [2] as follows: 

The derivative of the Dirac field along n^ direction is given by 

n'^d^'^ix) = I™ -[^{x + en) - ^{x)] (1.6) 

As ^(x + en) and ^(a;) transform differently under eqn.(1.4), so eqn.(1.6) is not a meaningful 
one. To make the difference sensible we should define a scalar quantity U{y, x) which will 
compensate the phase transformation from one point to another one by it's transformation 
between two points as 

U{y, x) -^ e'^'^y^Uiy, x)e-*"(^) (1.7) 

whenever the Dirac field \E' will transform as eqn.(1.4). An obvious requirement is U{x,x) = 1, 
as a generalization it implies U{y,x) to be a pure phase only. Now both the fields \E'(a; + en) 
and \l'(a;) transform the same way and the covariant derivative can be defined as follows: 

n^D^^{x) = 1™^ i[^(x + en) - U{{x + en), x)^(x)] (1.8) 

For a continuous local phase transformation, as the gauge transformations are continuous, one 
can expand the function U{y, x) between two points as 

f/((x + en), x) = 1 - ieen^Af,{x) + O(e^). (1.9) 

Here e is an arbitrary constant. It will appear as the gauge coupling constant in the context 
of the standard model. The coefficient of the term {en'^) is a new field A^{x), the gauge field, 
introduced to keep the kinetic term of the Lagrangian invariant under the gauge transformation. 
Thus the covariant derivative, now, can be written as 

D^<i/{x) = d^^{x) + ieA^{x)<iJ{x). (1.10) 

Using eqn.(1.9) on eqn.(1.7) we see that the gauge field transforms as 

1 
A^{x) -> A^{x) - -d^a{x). (1.11) 

Now, it is easy to check the invariance of covariant derivative D^\I'(x), using eqn.(1.4) and 
eqn.(l.ll), under the gauge transformation. So, in summary we need a gauge field A^{x), 
transforming as eqn.(l.ll), to keep the Lagrangian invariant under the local gauge transforma- 
tion. Immediately, we see that although the term F^j^^, = df^Ay — d^A^, which will generate the 
kinetic term for the gauge field, is invariant under the gauge transformation the mass term for 
the gauge field wl\A^A^ is not. Finally, the gauge invariant Lagrangian can be written as 

C = -\f,,F^'' + n^^^{d, + leA,) - m]^ (1.12) 



1.4 Spontaneous symmetry breaking 

To address the problem of the vanishing mass term for a gauge field in a gauge invariant theory 
we have to incorporate the mechanism of Spontaneous Symmetry Breaking (SSB). It means 
the Lagrangian or the equation of motion has some symmetry but it's solution, the ground 
state, does not. Introduced by Heisenberg, in 1928, to explain the property of ferromagnetism 
whose spin states below a certain critical temperature choose a specific direction out of infinite 
possibilities for the ground state, a similar situation also arises in case of quantum field theory. 



1.4.1 SSB for a global U{1) symmetry 

Let us consider, to start with, the potential of a complex scalar field $ = ^ ^^ , as 



*^\2 



V{(l)) = m^$*<l> + A($*$) 



:i.i3) 



where A > 0, so as not to make the potential unbounded from below and, hence, the Lagrangian 
for this field can be written as 



^*^\2 



C = 9^$*9''$ - m'^*^ - \{^*^) 



:li4) 



For the case m^ > 0, left figure of Fig. 1.1, 'm' will represent the mass of the scalar field $, 
and the ground state of the potential will obviously be at $ = 0. 



To discuss the case with m^ < 0, right figure of Fig. 1.1, let us rewrite the Lagrangian as 



C = ^(dM' + ^(d„<P,?-^m\<Pi + <Pl)-^}^-' ' -2^2 



:i.l5) 





Figure 1.1: The Higgs Potential 



In this case the minima will be situated at all 0i and 02's satisfying the condition 

(0? + 0^) = t;^ = -mVA, (1.16) 



with the vacuum expectation value (vev) v = y— m^/A. 

The minimum of the potential, now, is not unique and also not at $ = 0, as a result perturbation 
theory will not be applicable around that point. To pursue it one should shift the field $(x) to 

^{x) = ^[v + r]{x) + i^{x)] (1.17) 

v2 

at one of the minima of the potential. Replacing the ^{x) field by eqn.(1.17) in the above 
Lagrangian of eqn.(1.14) we get 

C = -d^^d^^ + -d^rfd^'ri-Wrf - Xvrf + other terms. (1.18) 

Due to the above shift of the field $, the third term of the modified Lagrangian is, now, the 
mass term of the field rj with the mass m^ = V2Af^ = \/—2w?. The first term of the modified 
Lagrangian is the kinetic energy of the ^ field. Note, there is no corresponding mass term for 
this field which implies that the theory contains a new massless scalar field. If physically there 
were any such particle we should have detected it. Experimentally, we did not observe any such 
particle; so does it mean that the spontaneous symmetry breaking mechanism is incorrect? 
We can easily see from the right figure of Fig. 1.1 that the potential has a fiat (circular) 
direction at the minimum implying the presence of a massless mode. It is a simple example 
of the Goldstone theorem [3], which states that massless scalars occur whenever a continuous 
symmetry of a physical system is "spontaneously broken" (or, more accurately, is "not apparent 
in the ground state"). 



1.4.2 SSB for a local U{1) gauge symmetry 

Let us now discuss the spontaneous symmetry breaking mechanism for a local f/(l) gauge sym- 
metry which, basically, is known as the Higgs mechanism [4]. What we did in the previous 
subsection, sec. 1.4.1, is that we had a Lagrangian with a negative (mass)^ term and invari- 
ant under the global U{1) transformation. Later, we shifted the scalar field to accommodate 
proper vev. We need a Lagrangian, here, which will be invariant under the local U(l) gauge 
transformation, eqn.(1.4). The Lagrangian of eqn.(1.14) is not invariant under this local gauge 
transformation. To make it invariant, as discussed in sec. 1.3, we need a covariant derivative 
D^, defined in eqn.(l.lO), as 



instead of 9^ and a gauge field A^ whicli simultaneously has to be transformed as 

A^{x) -^ A^{x) - U^a{x). (1.19) 

For the m^ > scenario, 'm' will represent the mass of the scalar field $, but we are interested 
in SSB for which m^ < 0. The local U{1) gauge invariant Lagrangian using eqn.(1.12) and 
eqn.(1.14), thus, is given by 

C = --F^^F^"" + {d^ - ieA^)^\d>' + ieA^")^ - m^^*^ - A($*<I>)1 (1.20) 

For SSB, we need to transform the scalar field by eqn.(1.17). The Lagrangian will, thus, be 
given by 

C = -^F^^F^"" + -d^^d^"^ + -d^r]d''r] - Xv'^rf + -e^v'^A^A^ - evA^d"^ + other terms. (1.21) 

Eqn.(1.21) describes the interaction of a masless boson ^, a massive scalar field rj of mass 
rriri = v2At^ and a massive gauge boson of mass uia = ev. So, with the help of the SSB 
mechanism for a local gauge symmetry we succeeded to generate a mass for the gauge boson. 
The problem is with the unwanted massless scalar field ^ as we have seen in sec. 1.4.1. Actually, 
presence of the off-diagonal term evA^d^^ in the transformed Lagrangian implies that the 
fields are not in the physical mass basis. We have to reinterpret the particles described by the 
Lagrangian eqn.(1.21). 

For this purpose, it is convenient to use an alternative but equivalent parameterisation of the 
shifted field $(a;). Instead of eqn.(1.17) we write 

$(a;) = ^[v + /i(a;)]e-*''(")/" (1.22) 

v2 

Since the theory is invariant under local U{1) gauge transformations, consider the following 
transformations, for the set of real fields /i, A^ and 9 as 

^{x) -^ e^^(^)/^$(a;) and A^{x) -^ A^{x) - —d^,d{x). (1.23) 

This gauge transformation with the condition that the theory will be independent of the field 
d{x), will help to keep this extra unwanted massless scalar field away. After this transformation, 
the unwanted field d{x) is removed from the theory and using the transformation eqn.(1.23) on 
eqn.(1.20) we obtain the new transformed Lagrangian as 

C = -If^^F^^ + -d^hd^h - Xv^h^ + -eh^A^A^" + -ehA^A^'h + other terms. (1.24) 

So as a result of this gauge transformation the unwanted massless scalar field has been absorbed 
as the longitudinal component of the gauge field A^. Finally our theory is, now, described by 
a massive Higgs scalar field h with mass m/i = y2\v^ and the massive gauge boson A^ with 
mass m^ = ev. 



1.4.3 Higgs mechanisin in SM 

Let us now come to a more realistic case where, in the SM, the local SU{2)l x f/(l)y gauge 
symmetry will spontaneously be broken by the Higgs field, as 

SU{2)l X U{1)y -^ U{1)q. 

Let us consider the Higgs field, as introduced by Weinberg and defined in eqn.(1.2) and eqn.(1.3), 
as 



$=(^^0 J =(2,l)c(5[/(2Ux[/(l)y), 
where, 

<^^ = 71 (<^i + ^<^2) and 0° = 75 (03 + ^04) ■ 

Let us consider the Lagrangian for the field $ as 

£ = 5^$t5M$ _ m^<^^<^ - \{<^^<^f. (1.25) 

The Lagrangian, eqn.(1.25), is invariant under the global SU{2)l x U{1)y gauge transformation 
but not under the local SU{2)l x U{1)y gauge transformation 

where, Ta (a=l,2,3), are the SU{2)l generators and Y the hypercharge as defined in eqn.(Ll). 

To make it invariant under the local SU{2)l x f/(l)y gauge transformation we require, as 
before, to replace 

d^^d, + tg2^.W^ + tgi^B,. (L27) 

In eqn.(L27) gi and g2 are the f/(l)y and SU(2)l gauge coupling constants respectively. In 
this case, the gauge field B^ transforms, as in eqn.(l.ll) 

B^^B^- -d^P{x). (L28) 

9i 

The SU{2)l gauge boson Wfj_ transforms, due to the non-abelian character, as 

W^-^W^- -d^a{x) ~axW^. (L29) 

92 



This indicates that the rotation of the weak gauge boson, W^, will be affected due to two factors, 
one, due to the vector nature of the field and another due the variation of the space-time point. 

The local SU{2)l x f/(l)y gauge invariant Lagrangian, thus, can be written as 

nt r 



C 



id,-gJ-.W,-^-^B,]<^ 



T ^^^.. 91 r^^, 



id^ -g2-.W''-—B 



$ 



_V($t$) _ ^-B^,B^^ - ^-W^.m^', 



;i.30) 



where F = 1/2 is used for the Higgs scalar field. 
The scalar potential, l^($^$), is given by 



;i.31) 



The tensors B^y and W^y are defined as 



Buy = duBy — dyB^ 



;i.32) 



and 



W, 



fJ,U 



duWu - dyW. - ig2Wu x Wy. 



;i.33) 



The condition for the spontaneous symmetry breaking is m^ < and A > 0. The minima of 
the potential are at all those points of 0iS which satisfy the following condition 



$t(|) = _ 



^^ + 0^ + 0D 



V 

~2 



— m 



2A ' 



;i.34) 



which implies an infinite number of ground states. The symmetry will spontaneously break once 
one of it is arbitrarily chosen. Keeping in mind that any unphysical term in the Lagrangian 
should not be allowed, let us write the scalar field $ in terms of four fields di{x)^ 62{x), Osix) 
and h{x) as: 






je^{x:)T'^/v 



V2 





[v + h{x) 



;i.35) 



Once we put this transformed field $ in the Lagrangian, we will get a massive Higgs field h 
while the three massless unwanted bosons will disappear from the potential. By an appropriate 
local gauge transformation - a generalisation of eqn.(1.23) - they may be removed from the 
theory - effectively absorbed by the W bosons as longitudinal components. 
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1.4.4 Gauge boson and fermion masses 

In order to see how the spontaneous breaking of the SU{2)l x f/(l)y gauge symmetry produces 
massive W^ and Z boson while leaving the photon field, 7, massless let us expand the relevant 
part of the Lagrangian explicitly: 



r - 1 

ig2-.W^,-igi-B^,]^ 



g,Wl + g,B, g^{Wl-tW^^) \ f 
g2{Wl + iWl) -g^Wl + g^B^ ) \ v 

\9y\iWlf + iW'.r] + Iv'ig^W; - g,B,r. (1.36) 



Let us define the new fields W^^ and Zn and it's orthogonal partner An as 



V 2 ^/gi + gi V^l + gi 



;i.37) 



to arrive to the form 



ml.W^W-'' + \^lZ,Z^ + ^mi^^A^ 



:i.38) 



Finally we have three massive gauge fields W^ and Z and one massless, the photon field, as 
needed: 



miy = -vg2 , mz = ^^Vfi'i + fi'i , m^ = 0. 



:i.39) 



It is useful to introduce the electroweak mixing angle dw defined in terms of the gauge coupling 
constants gi and g2 as 

sin^w^ = , f' ^ . (1.40) 



'gl + ^i 



It is worthwhile to define a few quantities at this point in terms of the mixing angle Oy/- The 
charged current interactions are 



1 



G 



Gf 



-Ccc = -i=JuJ > with —= 



92 



V2 



v/2 8m' 



:i.4ii 



w 



and the neutral current interactions are given by 



1 r'^c 

^ r — P 70 



JlJ^\ with G^^ = ^^^ 



8m| 



;i.42) 
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An important parameter is the ratio of neutral and charged current interaction strengths, which 
equals to 1 in the standard model, expressed as 

P=^= . \ • (1-43) 

Let us go back to the problem of gauge invariance for the fermion mass. As the S'f/(3)c gauge 
group is chirally blind, without indicating left or right subscripts let us denote the quark as 
Q and lepton as L. Quark is in the triplet (3) and lepton is singlet (1) in the SUiVjc group 
representation. Then the antiquark, Q, will be in the anti-triplet (3) representation. In SU{?)) 
we have, 

3®3 = 1©8. 

Hence we see that the mass term QQ is invariant under the S'f/(3)c gauge transformation. For 
the colour singlet leptons it is an obvious one. 

It is quite different for the case of the SU{2)l gauge group. In this case the left and right chiral 
fermions transform differently as pointed in Table 1.1. A Dirac fermion field can be decomposed 
as 

= Pl^ + Pr^ = iJL + i'R, (1.44) 

where ipi and ipR are respectively known as left-chiral and right-chiral fermions. 
In the Weyl representation a Dirac fermion field can be written as 

Using eqn.(1.44) the fermion mass term, thus, can be written as 

m^^ = m(^i^^ + ^JriIjl). (1.46) 

Now, from Table 1.1 we see that left-handed fermions are doublet while the right-handed 
are singlet under the SU(2)l gauge transformation. So neither the term ipLipR nor ipRipL is 
invariant, and hence neither is 'l'\I'. Thus we see that the fermion mass term m^\E' is invariant 
under the SU{3)c gauge transformation but not under SU{2)l- 

This problem can be cured with the help of the Higgs scalar multiplet. Using the Higgs doublet 
we can write an Yukawa interaction term 

y^'^^ + h.c. (1.47) 
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where y is the Yukawa couphng. To be more precise, for the first generation lepton sector, we 
can write, 

^electron = -Vei^e &) L ( ,Q \ GR + h.C. (1.48) 

Once we replace the Higgs field, due to spontaneous symmetry breaking, by 



we will have a mass term in the Lagrangian as 



tW = I .(„ + „(,)) 1 (1.49) 



V V 

^electron = -m^ieLCR + 6^61) with, m^ = -^. (1.50) 

To generalize for all the matter fields we can write the Yukawa interaction terms, using the 
notation used in Table 1.1, as 

/: = -yr.QLAi,^ - Yt^LAR,^ - yl.uiR,^ + h.c (i.si) 

where, $ = — 2(72$*, V", F*^, Y^ are the up-quark, down-quark and charged lepton Yuakwa 
coupling constant matrices respectively. One point to be noted is that the particle content, 
listed in the Table 1.1, in the SM does not contain any right-handed neutrino. It was conspired 
just to explain the then accepted zero mass of the neutrino. Once, the Higgs field gets a few, 
v^ then the Lagrangian takes the form fLmffn with the mass matrices 

(m„),^. = Y,^v, (m,),^. = Y,jv, (m,),,- = ^v, (1.52) 

where, / = {u, c, t)'^ or {d, s, b)^ or (e, /i, t)'^ represent the three generations of fermion fields. 
These mass matrices are in the flavour basis, not the mass basis. 



1.5 Shortcomings of the standard model 

Some unattractive features of the standard model have been noted in sec. 1.1. Besides the 
non-zero neutrino mass, there are several conceptual shortcomings of the standard model. The 
standard model contains 19 parameters - three gauge couplings gi, g2, gs, six quarks and three 
charged-leptons masses, one CP-violating phase, three CKM mixing angles, the quadratic and 
quartic coupling constants for the Higgs scalar potential and strong CP parameter. The stan- 
dard model does not say anything about the fourth force, namely the gravitational interaction. 
At the scale of Planck mass, Mp, we need a theory of quantum gravitation which will also 
describe the dynamics of particles governed by the gravitational interaction in addition with 
other forces. Although, to reduce the large number of parameters one can extend the theory of 
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unification, but the point one may ask is can it predict different observables like mixing angles, 
fermion masses etc properly? What is the origin of three generations of fermions? 

In order to remove these shortcomings, physicists have come up with different new options like 
Grand Unified Theory (GUT), Supersymmetry, Extra Dimensions etc. to extend the standard 
model. A brief introduction to these are given below. 



1.6 Grand unified theory 

A general aesthetic of physics is that the more symmetrical a theory is, the more "beautiful" 
and "elegant" it is. In this view, the Standard Model gauge group, which is the direct product 
of three groups, is not a truly satisfactory one. In analogy with the 19th-century unification of 
electricity with magnetism into electromagnetism, and especially the success of the electroweak 
theory, which utilizes the idea of spontaneous symmetry breaking as discussed in previous 
sections, to unify electromagnetism with the weak interaction, it is natural to attempt to unify 
all three groups in a similar manner. Three independent gauge coupling constants and a huge 
number of Yukawa coupling coefficients require far too many parameters, and it would be 
elegant if these coupling constants could be explained by a theory with fewer parameters. A 
gauge theory based on a simple group has only one gauge coupling constant, and since the 
fermions are now grouped together in larger representations, there are fewer Yukawa coupling 
coefficients as well. In order to get unification [5] of all three interactions we need a bigger group 
which will contain the standard model gauge group SU{3)c x SU{2)l x U{1)y and, in addition, 
this gauge group has to break down to the standard model gauge group at some higher scale 
in such a way that it will predict different mass and mixing angles at the low energy scale. 



1.6.1 SU{^) GUT model 

The first attempts of grand unification were made by Pati and Salam [6] to unify quarks and 
leptons within SU{2)l x SU{2)ji x S'f/(4)c, known as the Pati-Salam gauge group {Qps)- In 
this scenario lepton is treated as the fourth component of the colour quantum number of the 
SU{4)c gauge group. Another approach independently proposed by Georgi and Glashow in 
1973 [7] considers SU{^), which is of rank 4 (same as the SM gauge group), as the unified 
group. It has a few advantages; like, it gives a beautiful way of unifying all the three standard 
model gauge couplings. In this S'f/(5) GUT model there is a unique way to accommodate all 
the fifteen quarks and leptons in the 5 and 10 representations. The break up of these two 
multiplets of the SU{b) group in terms of the SM gauge group SU{?>)c x SU{2)l x U{1)y are: 

5 = (3,l,-i)©(l,2,i) and 10 = (1, 1, 1) © (3, 1, -^) © (3, 2, i). (1.53) 

6 2 3 o 

The right-handed down quark d = {(T , d^, d^) and right-handed (e+, z/g) doublet can preferably 
be put into the 5 representation respectively. On the other hand the singlet charged left-handed 
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anti-lepton e"*", the left-handed u,d quark doublet and left-handed anti-u quark singlet u'^ will 
be in 10, the antisymmetric part of the product of two 5 plets. 

Similarly, 24(= 5^ — 1) gauge bosons associated with the SU{5) gauge group can be decomposed 
as follows: 

24 = (8, 1, 0) + (1, 3, 0) + (1, 1, 0) + (3, 2, -^) + (3, 2, ^) (1.54) 

o 

which are the gluons, electro-weak gauge bosons and the new heavy X,Y gauge bosons. These 
new gauge bosons, X and Y, mediate the proton decay. One can have, for example, for the 
decay mode, 

M{p -^ e+7r°) ~ ^, (1.55) 

where g is the GUT gauge coupling constant. Hence, the proton lifetime is 



r„ ~ — ^. 1.56 



Non-observation of proton decay puts a lower limit on these heavy gauge boson masses 

mx,Y > 10^^ GeV (1.57) 

We have the normalisation of the generators of the GUT gauge group as 

Tr(t"t^) = A^^'^^ (1.58) 

where, N is the normalisation constant. Invariance under the gauge group G means all observed 
gauge couplings are the same as that of the unified gauge group. Unlike the SU{2)l and SU{3)c 
couplings, eqn. (1.58) does not fix the scale of the f/(l)y coupling constant. It would not change 
the physics if we divide it by a constant factor c and simultaneously multiply the hypercharge 
y by the same factor. 

As stated above, considering ^ as the SU(2) generators we choose, 

Tr(yy) = U'^'. (1.59) 

So, let us assume that the Y = c(|) is the generator of the unified gauge group, in addition with 
the unchanged SU{2)i and SU{3)c generators. Now, in the unified scenario all the generators 
have common normalisation factor as a result we have, 

TT{c\y/2f) = Tr(T3)2 (1.60) 

with T3, the third SU{2)l generator. The trace is over all particle states in the representation. 
In the SM framework for one generation these are u, d, z/g and e~. Thus for the above relation 
we have, 

^(\+\)+\+\ = ^'(3( J)' + 3(^)^ + 3(^)^ + 3{-lr + i-lr + (-1)^ + i-lr)- (i.ei) 
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This implies 



c=\/i (1-62) 



and, hence the properly normalized generator is 



y = \i% (1-63) 



52 



Thus, for the standard model scenario, we have 



gsu(b)= 9i\l^ and gsui5) = 92, (1-64) 



and (eqn.(1.40)) leads to tan6'w = a/|, hence, sin^^w = §• 

Generally, the SU{5) symmetry is broken down to the low energy SU{3)c x U{1)q by two Higgs 
scalars $24 and H^ which are in the adjoint 24 and 5 of SU{5). The breakdown of these two 
Higgs multiplets in the SU{3)c x SU{2)l x U{1)y representation are given in eqns. (1.54) and 
(1.53) respectively. 

When the neutral component (1, 1, 0) of the the $24 gets a vev at the GUT scale, S'f/(5) breaks 
to the SM gauge group while getting a nonzero vev for H^ at the electro-weak scale breaks the 
SM down to SU{d.)c x U{1)q. 

The stepwise breakdown of the gauge symmetry in this case, thus, is 

SU{h) ^^ SUi3)c X SU{2)l X U{l)y -^ SU{3)c x U{1)q. (1.65) 

Gauge hierarchy problem 

A major difficulty of the standard model is the gauge hierarchy problem [8]. In order to realise 
this hierarchy between Mu and Mz and hence the problem of naturalness let us calculate the 
quadratic divergence for the Higgs mass due to standard model fermions. 




Figure 1.2: One loop fermionic correction to the Higgs mass 
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The one loop correction to the Higgs mass nij;/ is obtained by calculating the two point function: 



'-'-hh 



:-v. 






rTr 



—iXi 



-i\i 



v/2 Jk -vsif v^ /; - m/ 



;i.66) 



where A/ is the fermion-scalar-fermion coupling constant. The loop momentum k can take any 
value from zero to infinity. This leads to a correction which is infinite and makes the theory 
ill-defined. So, we assume that our theory is valid upto a cut-off scale A. The above integration, 
thus, becomes 






-2X) 



d^k 

(2^ 



^^A^ + ... 



Stt 



f 



A;2 — m^ 



2m} 



(A;^ — ml 



2\2 



1.67) 



Thus the corrected Higgs (mass) is 



m 



H 



m 



lo + ^"^ 



1.68) 



where the correction Sm^ is proportional to the II^^. In GUT we have a new scale at 10^^ GeV. 
If there is no new physics before this scale then A ~ 10^^ GeV and to have a Higgs mass of 
(9(100 GeV) a fine-tuning of the co-efficient A/ to 1 part in 10^^ is needed. 

1.6.2 50(10) GUT model 

50(10) is a possible useful GUT gauge group for the unification of the SM [9]. It is a group of 
rank 5, unlike the SM gauge group which is of rank 4. As the rank is the maximum number of 
diagonal generators of the group, so the extra diagonal generator of this unified gauge group 
will define another quantum number, which can be identified as {B — L) for the left-right 
symmetric version of this theory. Due to the presence of an extra diagonal generator, 5*0(10) 
can be broken to the standard model in various ways. 

One good feature for the group is that in a single multiplet 16 it can accommodate all the 
standard model fermions in addition with a standard model gauge singlet right-handed neu- 
trino, needed to explain the tiny neutrino mass. This group can support left-right symmetry, 
represented by the gauge group SU{3)c x SU(2)l x SU{2)r x U{1){b~l) = Glr- We consider 
this class of 5*0(10) models below. 

There are two broad classes of minimal 5*0(10) models: those with only doublet Higgs scalars 
(Model I) and the conventional left-right symmetric model including triplet Higgs scalars (Model 
II). In both versions, a bi-doublet Higgs scalar $ = (1,2,2,0) under Qlr-, gives mass to the 
charged fermions and also a Dirac mass to the neutrinos^. In an 5*0(10) GUT, this bi-doublet $ 



^Note that in sec. 1.4.4, in case of SM, the charged fermions acquired masses due to the Higgs mechanism 
eqn.(1.50) but the neutrino was massless as there was no right-handed neutrino. Presence of a right-handed 
neutrino in the left-right symmetric model changes the perspective. 
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belongs to the representation 10, 120 or 126. Usually a 10 representation is chosen. However, 
for correct fermion mass relations [10], a 126 representation containing the field $' = {15, 2, 2} 
under the group SU{4:)c x SU{2)l x SU{2)ji = Qps is often also included. 

The main differences between Models I and II lie in the Higgs sector and the generation of 
neutrino masses. Lepton number violation in these models arises from the Higgs scalars that 
break the B — L symmetry and hence the left-right symmetry. In Model I, the left-right 
symmetric group Q^r is broken by an SU{2)fi doublet Higgs scalar xr = (1)1)2,-1) when 
its neutral component acquires a vev (x^) ~ vr. Left-right parity implies the presence of an 
SU{2)i doublet Higgs scalar xl = (1) 2, 1, —1). The vev of the neutral component of this field, 
(Xl) ~ "^i) i'^ addition to ($), breaks the electroweak symmetry. 

In Model II, an SU{2)fi triplet Higgs scalar A^ = (1,1,3,2) breaks the left-right symmetric 
group Qlr- When the neutral component acquires a vev, (A^) ~ vr, it gives Majorana masses 
to the right-handed neutrinos breaking lepton number by two units. When the bi-doublet Higgs 
scalar $ breaks the electroweak symmetry, this leads to the small see-saw neutrino mass [11]. 
Due to left-right parity, there is also an SU{2)l triplet Higgs scalar A^ = (1, 3, 1, 2). Although 
these scalars have a mass at the parity breaking scale Mr, the vev of the neutral component 
of this field is extremely tiny and can give small Majorana masses to the left-handed neutrinos 
leading to a new type of see-saw mechanism. 

Models I and II have the same symmetry breaking chain: 

50(10) ''°-^"^ SU{3)c X SU{2)l X SU{2)n x U{1)b-l 
leorue^iMn) sUi3)cxSUi2)LxUil)y 

''^^' SUi3)c X Uil), 

At the GUT scale, the symmetry is broken by the vacuum expectation value of a 210- 
dimensional representation of 5*0(10). The 210 has a singlet under the subgroup Qps, i.e., 
{1, 1, 1}, which is odd under parity. When this field acquires a vev, 5*0(10) is broken to Qps 
and D-parity is also spontaneously broken (i.e., g2L 7^ fi'2_R)- To keep D-parity intact at this 
level we have to look elsewhere. The 5*0(10) 210 also contains a {15,1,1} under Qps which is 
D-parity even. This is the field to which the vev must be ascribed to get the desired symmetry 
breaking to Qlr while keeping D-parity intact. 

The left-right symmetry, Qlr, is broken by the vev of the fields F + F, where F is a 16(= F)- 
dimensional representation for Model I and a 12 6- dimensional representation for Model II. 
Finally, the electroweak symmetry breaking takes place by the vev of a 10-plet of 5*0(10). In 
the minimal models under consideration, there are no other Higgs representations. 

The breakdown [12] of the 16 multiplet of 50(10) under the SU{A)c x SU{2)l x SU{2)r is 

16^(4,2,1)0(4,1,2). (1.69) 

This 16-multiplet, thus, in addition with the left-handed particles also contains the left-handed 
anti-particles (equivalently the right-handed particles). 



A 16-dimensional multiplet can be written as 



^ = I ^j 
where, in the language of SU{5) representations 



;i.7o) 



^(16) = ^o(l)©^,(5)©^.,(10) 



:i.7i) 



with, 



^0 = N', ij,=L + (f 



( d\\ 



e 



, ^^^ = (Q + U' + E' 



/ ^3 — ^2 Ui di \ 

Ul U2 C?2 

Ms (^3 

V eV 



:i.72) 



Let us consider the following symmetry breaking chain 

50(10) ''°-^'"^ SU{i)c X SU{2)l X SU{2)r x U{1)b-l 



16 or 126 {Mr) 



10 (Mz) 



5f/(3)c X 5f/(2)L X f/(l) 



Y 



SUi3)c X [/(I) 



Q 



An obvious question comes in our mind is what is the normalisation factor for the B — L 
quantum number, c.f. the case of the hypercharge quantum number in sec. 1.6.1. Let us 
define different quantum numbers for all the members of a 16-dimensional multiplet in the 

SU{2)l X SU{2)r X U{1)b-l x SU{?>)c group notation as: 



Ql = 

Qr = 



(2,l,i,3)cl6, i,L 



R 



:i,2,i,3)cl6, V-iJ^ ( g 



(2,1,-1,1)C16, 



= (1,2,-1,1) C 16. 



;i.73) 



For these particles we have. 



Tr {k\^f) = P (3(1)2 + 3(1)2 + 3(i)2 + 3(1)2 + {-If + (-i)^ + (-1)2 + (_1)2) 



:i.74) 



where, the factor 3 arises due to colour while '/c' is the normalisation factor to be determined. 
In comparison with the Trace of the SU{2) generator, which is 



we have |A;2 = 2 i.e. k 



Tr ^ = 3 - + - + 7 + 7 = 2 
2 / M 4^ 4 4 



;i.75) 
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1.6.3 Renormalisation group equations 

The renormalisation group, in quantum field theory, tells us how different couplings evolve 
with energy. But before discussing the renormalisation group equations (RGE) an obvious 
question is: what is renormalisation [2]? In QFT, Green function is a most important thing 
to be calculated. In perturbative QFT these quantities are divergent. The systematic way to 
remove these divergences is known as renormalisation. There are different ways to cancel these 
infinities. In order to renormalise the theory we need a reference point which is also arbitrary. 
Different choices of this reference point lead to different sets of parameters for the theory, but 
physics should not depend on the arbitrary choice of the reference point and be invariant. This 
invariance leads to the renormalisation group. In quantum field theory it is a useful method 
to examine the behaviour of physics at a different scale knowing the same at some other scale. 
Thus, measuring the observables in a low energy experiment one can compare with the values 
predicted from a theory at a higher scale, e.g at the GUT scale and certify about the correctness 
of the theory. In the standard model, variations of the gauge coupling constants with energy 
are given by the following renormalisation group equations (RGBs) 

IG^'E^ = kgf = PsMigi) (1.76) 

where i stands for f/(l)y, SU{2)l and SU{3)c and the right-hand-side is known as the j3- 
function of the corresponding coupling^. One can write this equation as 

"^ -.c^^^\E) = -^. (1.77) 



dlnE ' ' 2n 



where, «i = f;- 



Using the measured values of these coupling constants at the scale Mz as the initial values one 

can solve these equations as, u p 

a-\E)=a-\Mz)-^\n—. (1.78) 

ZTT Mz 

In the above equations the co-efficients, 6j, can be calculated for any SU{N) group as 

k = -yC2(G') + '^nfC2{R) + ^nsC2{R) (1.79) 

where C2{R) is the quadratic Casimir operator for the representation R while C2{G) is that for 
the adjoint representation. These Casimir operators are discussed below. In the above equation 
rif is the number of chiral fermions and n^ is the number of complex scalars contributing to 
the /5-function^. 

The generators of a gauge group obey the following rules 

TrrRt'i,] = C{R)6^', (1.80) 



arise 

3 



^This equation is valid for the lowest one- loop order in perturbations theory. At higher orders 0{g^) terms 
For a more general formula which includes two loop contributions one should look at Ref.[13]. 
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and 



5^t»t^ = C2(i?).l 



:i.8r 



where, the proportionahty constant C2{R) is the quadratic Casimir operator for the particular 
representation. One can easily show that the quadratic Casimir operator is related with the 
factor C{R) via 

C2{R)d{R) = C{R)r (1.82) 

where, r is the number of generators (= A^^ — 1) of the SU{N) gauge group, equivalent to the 
dimension of the adjoint representation, and d{R) is the dimension of the representation R. 

According to the convention used in eqn.(1.59), the SU{2) generators follow the relation 

1 



Tr 






-5"^ 



1.83) 



As stated earlier the bigger GUT SU{N) group will be chosen in such a way that it will contain 
the SU{2) as a subgroup. The generators of the SU{N) will also follow the same normalisation 
condition - eqn.(1.83) - and, thus, we have C{R) = | in the fundamental representation. 
Immediately eqn.(1.82) implies that for R = N, i.e for the fundamental representation the 
quadratic Casimir operator is C2{N) = ^2n^ ■ ^'^^ ^^^ adjoint representation C2{G) = N. For 
the f/(l) gauge group these values will be ^2(6') = and ^2(7?) = C{R) = (F/2)2. 
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Figure 1.3: Evolution of the gauge couplings in the standard model 
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So, for the standard model, considering the contribution of all the particles listed in Table 1.1 
one has for the three different co-efficients for the gauge groups f/(l)y, SU{2)l and SU{?>)c 

41 
10 

-f I- (1-84) 

where, the GUT normalisation factor | is already multiplied to calculate the co-efficient for the 
U{1)y gauge group. Using these values of '6' one can find the evolution of the gauge couplings 
with energy from eqn(1.78) as depicted in Fig. 1.3 upto one loop contribution only. 

It shows that all three standard model gauge couplings are trying to unify at some higher scale 
~ 10^^ GeV, comparable to the predicted value of Mq from the proton decay limits. Although 
in this case they are not unifying exactly, they do so in the supersymmetric scenario. 



1.7 Supersymmetry 

Supersymmetry is a space-time symmetry which relates the bosonic degrees of freedom to the 
fermionic degrees of freedom [14, 15, 16]. The beautiful idea of supersymmetry helps to solve 
the gauge hierarchy problem (1.6.1). The one loop radiative correction for the Higgs mass due 
to scalar particles in the loop is 

^m^^ = ^[A^ - 2m|ln-^ - ...], (1.85) 

^ 167r2^ ^ Ms ^ 

where A^ is the corresponding coupling for the term in the Lagrangian, viz. —XsH'^S^. The 
same correction for a fermion-antifermion pair in loop takes the form 

6ml = ^ [-A2 + 3mJln(A/m/) + ...] , (1.86) 

with Xf the coefficient of the term —XfHff in the Lagrangian. 

So, we see that a conspiracy between the bosonic and fermionic degrees of freedom can solve 
the hierarchy problem. If we postulate that corresponding to each chiral fermion there should 
be a complex scalar and vice versa with the condition 

Xs = |A/|^ (1.87) 

which follows in a supersymmetric theory, then the quadratic correction can be erased. 

In a supersymmetric transformation a boson changes to a fermion and vice versa. Thus, if Q 
is the generator of this transformation then 

Q\boson) = \fermion), and Q\fermion) = \boson). (1.88) 
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Table 1.2: Supersym metric partners with the Standard Model members 



Hence, the generator Q has to be fermionic in nature with spin angular momentum 1/2 which 
is why supersymmetry is a space-time transformation. 

The irreducible representation in which a particle and its superpartner will be accommodated 
is known as the supermultiplet. The number of bosonic and fermionic degrees of freedom are 
equal in each supermultiplet. There are different types of supermultiplets- the simplest one 
is the chiral or matter supermultiplet. It contains a chiral Weyl spinor and a complex scalar 
field, both of them are of two degrees of freedom. The gauge or vector supermultiplet is the one 
in which a massless spin-1 vector gauge boson (degrees of freedom 2) is kept with it's fermionic 
superpartner, a massless spin-1/2 Majorana fermion, known as the gaugino. The Minimal 
Supersymmetric Standard Model (MSSM), thus, contains the standard model particles. Table 
1.1, and their corresponding superpartners. The particles in the MSSM are listed in Table 1.2. 

Note that in Table 1.2 MSSM requires two Higgs doublets for the following good reasons. Firstly, 
to keep the theory free from triangle gauge anomalies we need two Higgs scalar doublet. Since, 
the condition for a theory to be free from gauge anomalies is 



Weyl fermions 



Tr 



■l^3 



Weyl fermions 



T- 



■.y 



0. 



;i.89) 



The standard model itself was anomaly free, but supersymmetric extension of the SM brings 
one Weyl spinor, namely the Higgsino Hi with hypercharge -|-|. This will generate anomalies. 

So if we add a new Higgs multiplet {H2, H2) with hypercharge opposite to that of the Hi 
multiplet, then the anomaly will be cancelled again. 

Secondly, to make the up-type quarks massive we used $* in sec. 1.4.4. Analyticity of the 
superpotential forces a field of definite chirality only and hence the use of the complex conjugate 
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of a field is disallowed. The two complex scalar doublets are 

After spontaneous symmetry breaking the minimum of Vq involves the following two vevs: 
(/jO) = vi and {H^) = V2. The combination v = ^vf + vl = {^/2GFy^^^ ^ 246 GeV sets the 
Fermi scale. These two different vevs will contribute to the up- and down-type quark masses 
respectively. The ratio of these two vevs, 

tan/3 = — (1.91) 

Vl 

is a very useful parameter for the discussion of the supersymmetric phenomenology. 

In a supermultiplet both the particle and its superpartner are included, so for exact supersym- 
metry both the members should have the same mass. If the superpartners were of same masses, 
they would have been already detected in experiments. So far, none of the superpartners is 
observed. So, supersymmetry is a broken symmetry. On the other hand, Yuakwa-type coupling 
constants for the particles and corresponding antiparticles are already fixed by eqn.(1.87) due 
to supersymmetry. The supersymmetry, thus, will be broken softly; that means the coefficients 
of supersymmetry breaking couplings should be of mass dimension less than four and positive 
in order to cure the gauge hierarchy problem between the electroweak scale and a higher scale 
like, GUT or Planck scale. There are various models to predict the mass spectra for the MSSM 
scenario. In general, it is assumed that the origin of supersymmetry breaking is at some higher 
scale and that all the superpartner masses will be around the scale Ms ~ TeV, known as the 
SUSY scale. 



1.7.1 Gauge unification in SUSY 

The one-loop renormalisation group equations for the MSSM case is 

IQtt'E^ = b,gf + 0(^ - Msm - h)9f = PMSSM{9^), (1-92) 

ah 

where, is a step function, used due to the fact that the standard model is valid upto scale 
Ms after which supersymmetry will come into play. The standard model b-coefficients^ '6j' are 
given by eqn.(1.79) while the MSSM b-coefficients are: 



5 



Y 

V he ) 



1 I . (1.93) 

-3 



These are the contributions due to the whole supermultiplet i.e both from the SM particles 



^Exact b-coefRcients between Mz and Mg are given in eqn. (2.9). 
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Gauge Coupling Unification in MSSM (One Loop Effect) 
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Figure 1.4: Evolution of the gauge couplings in the supersymmetric scenario 

and the corresponding superpartners. As a result not to overcount the contributions from the 
SM particles, the standard model b-coefficients '6j' are subtracted out from the second term in 
eqn.(1.92). The evolution of the gauge couplings, thus, is given by 



„,.(^) . „,.,M.) - l-JuMl _ e,B - M,) ^ ,„^, 



1.94) 



The evolution of the gauge couplings ai{= |^) is depicted in Fig. 1.4. We have already seen 



that supersymmetry can solve the gauge hierarchy problem, but in addition Fig. 1.4 shows 
that it's particle content is such that it also gives a very good unification of the standard model 
gauge couplings. Also, the unification, like in the SM case, is at such a high scale then it will 
not confiict^ with the proton life time predicted in sec. 1.6.1. 



1.8 Extra dimensions 

In the SM we have seen that the hierarchy problem is arising due to the huge ratio of the 
Planck scale, Mpi, or the GUT scale, Mq-, to the electroweak scale. As discussed in the previous 
section, supersymmetry provides a beautiful way to solve this hierarchy problem. In that case, 
the supersymmetric particles are situated around the TeV scale. Actually to solve the hierarchy 
problem if we incorporate any new physics it should appear around that scale to address the 



^Note, this huge mass of the X^Y boson will not protect proton from decaying via dimcnsion-5 operator, 
which is discussed in Ref. [17]. 
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huge ratio. More recently, a new kind of physics, Extra Dimension (ED), was introduced in 
particle physics. If we can distinguish a fermion from a bosonic particle by measuring the 
spin of of the particle at the Large Hadron Collider (LHC) or the International Linear Collider 
(ILC), then we can have a distinct signature of the physics of extra dimension from that of 
supersymmetry. 

Historically, this idea was first introduced by Kaluza and Klein in 1920, to unify the elec- 
tromagnetic interaction with the gravitational one by generating the photon from the extra 
components of the five- dimensional metric. Nowadays in a more popular and fundamental the- 
ory, namely, string theory, it is common to use more than one space dimension, as the theory 
is consistent only in the extra-dimensional scenario. There are many open questions about the 
extra dimension, e.g, what would be nature of the extra dimension, what is the size of it and 
many more. A huge number of phenomenological studies have been pursued in this subject in 
this decade. Let us have a closer look on some of these. 

Let us consider a massless particle in a 5d Cartesian co-ordinate system, where Lorentz invari- 
ance holds. The square, thus, of the 5d momentum gives us 



p^ = 



g'^^'pAPB 



2 -e I 2 



:L95) 



as gAB = diag(l, —1, —1, —1, ±1). This implies that the four- dimensional mass square of the 
particle given by 

(1.96) 



m 



a 2-2-^2 

Pf^P =Po-P = TP5, 



becomes negative if we consider the extra dimension as time-like [18]. 





x=o 



X=L 



Figure 1.5: Free particle wave function (left), wave function in a compact space (right) 

Thus it's velocity will exceed the velocity of light in vacuum and lead to a problem: the tachyon 
state. So in this discussion we will consider a space-like co-ordinate as the extra dimension which 
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will be coinpactified on a circle S^ or S^ /Z2 orbifold, for one extra-dimensional scenario, with 
radius of compactification R. 

Before going into the more detailed discussion of extra dimensions let us recall the well known 
quantum mechanical one- dimensional box of size L. As we know, the solution of a particle 
moving along the a;-direction with momentum p is given by ~ Ae^^^ + Be~^^^ , here x is infinitely 
long, i.e, the physical system is not compact and the particle momentum p takes continuous 
values from —00 to + 00. Let's go to a bound system. Suppose the potential is infinite outside 
the box < a; < -kR; L = ttR is the length of the box, while it is zero inside of the box. With 
the proper boundary condition that the wave function vanishes at the boundary, the solution 
takes the form ip = sin ^ and the momentum of the particle is given by p = ^, where n can take 
any integer value. Due to the compactness of the x-dimension, the corresponding momentum 
Px becomes quantized. In the five-dimensional scenario where the extra space direction y is 
compactified in a similar way, the corresponding quantized fifth component of momentum is 
given by ps = ^. Hence a particle which is massless in its zero mode, in the excited states, 
according to eqn.(1.96), acquire a mass m„ = ^. This implies a large number of massive states 
whose mass is inversely proportional to the dimension of the box [18, 19]. 



1.8.1 Scalar particle in ED 

In addition to the four space-time co-ordinates x(x, t), let us denote the extra space-type co- 
ordinate by y, compactified on a circle or radius R. Thus, the Lagrangian of a free complex 
scalar ^{x, y)with. mass m will be a function of both x and y co-ordinates with a condition that 
the field a.t y = 27rR will match with that at y = 0, i.e it has a periodicity of 2'n'R along the y 
direction. So one can expand it in a Fourier series as 

H^, y) = -T^'^oix) + J2 -7^ ["^nix) COS (^) + <^-{x) Sin (^)] . (1.97) 

* n=l ^ 

The five-dimensional action is given by 

S^m = - fd^x dy {(9^<I>)t(9A$) -m2$t$} 

with A = 0,1,2,3,5. 

With the use of eqn.(1.97) if we replace the scalar field $ and integrate out the extra dimension 
y then the action will correspond to a large number Kaluza-Klein (KK) modes as 



^ n=l ^ 

00 -. „ 

n=l -^ 



27 



where the n-th KK mode mass is given as 



,2 _2 ^ 



m^ = m^ + — . (1.99) 

In four-dimensional effective theory, thus, in addition to the zero mode field, we are getting two 
different sets - one is even and another odd under the transformation y — > —y - of fields when 
the extra space dimension is compactified on the circle S*^. 



1.8.2 Fermion particle in ED 

In some models only the scalar bosons are allowed to access the extra dimensions while the 
fermions are kept in a fixed point of the extra dimension, called "brane" . In such cases the 
above compactification is quite natural but what happens if we intend to allow the fermions as 
well to access the extra dimension? Do we have the same set of Kaluza-Klein modes for the 
fermionic fields or something else? 

Let us consider a fermion ^ in the five- dimensional field, where the extra space dimension is 
compactified the way we discussed in sec. 1.8.1. The five-dimensional spinor can be written as 
a two component four-dimensional spinor 

Note that in the five- dimensional field theory, one can construct the five V^ matrices with 
A=0, 1,2,3,5, from the usual four- dimensional ones as follows: 

r^ = ^^' and T^ = ^75. (1.101) 

In 5d the fifth component of the T^ is constructed from the 75 matrix, which is used, in four- 
dimensions, to define the chiral operator Pr/l = (1 =t 75). So, in five- dimensions, and it is true 
for any odd number of dimensions, there is no chiral operator. To be clear, in eqn. (1.100) the 
subscripts L and R are just two component notations only. 

Like the scalar field discussion in sec. 1.8.1, let us consider the action for a massless fermion \1' 
as 

S = [ d^xdy i^iT^dA^ 



= I d^xdy (i^7^(9^^ + ^7^(9j,^) . (1.102) 

Due to the symmetry of the fermion field at the point y = and y = 2nR, we can have the 
Fourier expansion of the field as 



n=l 
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Once we put these fermions - eqn. (1.103) - in the above action eqn. (1.102) we end up with a 
few phenomenological problems. 

For example, let us use the zero mode term in eqn. (1.103), then we have 

^.cromodc = jd'xJJ dy (^-^(^^ + V;^)^7^9^-A^(^o ^ ^c 

d^x {^It^d^^L + ^Wd,.M . (1.104) 



Thus, for each massless field in five-dimension we are having two massless zero modes in the 
four-dimensional effective theory. The four-dimensional fermion is thus vector like in nature. 
It is well-known that fermions in the SM are chiral in nature, the left chiral part transforms as 
a doublet under SU{2) gauge transformation and the right chiral part transforms trivially. If 
the dimensional reduction doubles the state can we regain our chiral nature of the fermion in 
its zero mode? 

To regain the chiral nature we have to compactify on an S^/Z2 orbifold instead of a circle. The 
expansions of different kind of field for the S^ /Z2 orbifold will be discussed in sec. 2.3. In that 
case, although the higher KK modes of the chiral fermion behave as vector but the zero mode 
remains a chiral one. 



1.8.3 Vector gauge bosons in ED 

Let us consider a vector gauge boson Am with M = 0, 1,2,3,5 in five-dimensional scenario, 
where A^ are the usual four vector bosons while the extra component A^ will be a scalar^. The 
Lagrangian of such a field is given by 

Ad = -\fmnF'''' (1.105) 

where Fmn = OmAn - OnAm- 

The compactification will be like in the two previous sections sec. 1.8.1 and sec. 1.8.2. In the 
same way, the periodicity of the field at y = and y = 27iR implies, 

Am{x, y) = -^<{^) + E 7=^ {^m(^)cos (^) + i^(x)sin (^) } . (1.106) 

* n=l ^ 

To discuss different components of an extra-dimensional vector gauge boson, let us assume 
a photon field in five- dimensional quantum electrodynamics (QED). In five dimensions this 
massless photon has five components. In the effective four-dimensional theory one should 
expect a tower of four-component photon fields and a tower of adjoint scalars. Although the 



^The coupling of the ^5 states to fermions involve 75 and so, strictly, they are pseudoscalars. 
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zero mode of the photon has to be massless but the excitations for n 7^ will be massive due to 
the KK contribution (~ n/R). In QED there is no spontaneous symmetry breaking. The extra 
longitudinal degree of freedom for each of these massive KK gauge bosons will be obtained by 
absorbing the adjoint scalar of the same level. In five-dimensional QED, thus, we will have KK 
modes of the photon field only, but no KK modes of any adjoint scalar. 

The corresponding SM scenario is quite complex. As besides the usual electroweak mass the 
weak gauge bosons acquired masses from the KK contribution also, so the usual unphysical 
components of the weak scalar doublet will no more be the Goldstone bosons. In reality, the 
KK modes of these unphysical fields will mix with the corresponding KK modes of W^ ^ and 
Z^n, to form three Goldstone modes G°, G^ and three physical scalar fields a° and a^ [20]. 
With increasing KK number, the contributions of W^ ^ and Z^^ dominate the Goldstone boson 
modes while the unphysical components of the weak scalar doublet will, now, become main 
part of three physical scalar fields a° and a^. In addition with these real scalars we will also 
have usual higgs boson h and its KK excitations /i„. 

Before going into the discussion of the universal extra dimension and the field expansion in 
the S^ / Z2 orbifold let us have a brief discussion on how the large extra dimension scenario can 
explain the gauge hierarchy problem. 



1.8.4 ADD model and solution of the gauge hierarchy problem 

The main motivation of introducing extra dimensions into particle physics was to explain the 
huge hierarchy between the electroweak scale ~ 100 GeV and the Planck scale ~ 10^^ GeV. 
The model we discuss in this subsection is the one of Large Extra Dimension (LED), introduced 
by Arkani-Hamed, Dimopoulos, Dvali (ADD) [21]. According to this model there exist n extra 
spatial dimensions of radius i?, which are accessed by only gravity while all other standard 
model particles are constrained at a particular point of these extra space dimensions. To fulfill 
the requirement it is assumed that the higher dimensional Planck mass Mp^ is equal to the 
four-dimensional electroweak mass itlew thus evading the vexing hierarchy. Using Gauss's law 
in (4 + n) dimensions, the gravitational potential between two masses mi and m2 separated by 
a distance r >> i? is given by 

nr)~^S^l (1.107) 

Thus the four-dimensional effective Mpi is 

Ml, = M^+«^„)i?". (1.108) 

But, as stated above, our requirement is Mp;(4+„) will be ~ io^ew- Thus replacing the same in 
the above eqn. (1.108), we have, 

M2, = m|+^i?", (1.109) 
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implies, 



/lTeV\ 



„ 30 17 / i lev \ " , , 

R^lO--^^cmx { . 1.110 



Thus, the requirement that ML " will be equal to the electroweak scale ~ TeV implies 



'PI 
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R = 10 cm for n = 1, instantly excluded due to the huge deviation from Newtonian gravity. 

At the time the model was proposed, Newtonian gravity was precisely checked upto 1mm. For 
n = 2 from the above formula eqn.(l.llO) we have R = 1 mm. Thus models with at least two 
extra dimensions with a size of a millimeter can explain the gauge hierarchy problem. 



1.8.5 Universal Extra Dimension 

A model in which all the standard model particles are allowed to access the extra dimensions 
is known as the Universal Extra Dimension (UED) model also known as the ACD model after 
its proposers Appelquist, Cheng and Dobrescu [22]. 

Construction-wise it is very similar to the ADD model, but as in this case, in addition to 
gravity, scalars, fermions and vector gauge bosons are also accessing the extra dimension so, as 
discussed earlier, it should be compactified on an orbifold S^/Z2 instead of a circle. This orbifold 
is nothing but equivalent to the compactification on a circle of radius R with a Z2 symmetry 
- identifying y — > —y, where y denotes the fifth compactified coordinate. The orbifolding is 
crucial in generating chiral zero modes for fermions. 

The motivations of universal extra dimensions are quite speculative. Besides providing viable 
dark matter candidates the six-dimensional theory can explain from anomaly cancellation why 
we have only three generations [23]. Only three generation of fermions can remove the SU{2) 
global gauge anomaly. Another good feature about universal extra dimensions is to provide a 
natural way to explain the long life time for the proton [24]. They could lead to a new mechanism 
of supersymmetry breaking [25], address the fermion mass hierarchy in an alternative way, 
provide a cosmologically viable dark matter candidate [26], stimulate power law renormalization 
group running [27, 28] , admit substantial evolution of neutrino mixing angles defined through 
an effective Majorana neutrino mass operator [29], etc. The interesting point is that in this 
case the discrete symmetry which removes operators providing dangerous contributions to the 
proton decay is not imposed externally but is an essential ingredient for the theory. 

With the compactification, as defined, on an orbifolding S^ / Z2 for the five-dimensional scenario 
the expansion of the five- dimensional gauge bosons, scalars and fermions with the proper use 
of boundary conditions are given by 



* ^ n=l ^ n=l 
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where i = 1,2,3 are generation indices. Above, x{= x^) denotes the first four coordinates, and 
as mentioned before, y is the compactified coordinate. The complex scalar field 0(a;, y) and the 
gauge boson A^{x,y) are Z2 even fields with their zero modes identified with the SM scalar 
doublet and a SM gauge boson respectively. On the contrary, the field A^[x, y), which is a real 
scalar transforming in the adjoint representation of the gauge group, does not have any zero 
mode. The fields Q, U, and V describe the 5-dimensional quark doublet and singlet states, 
respectively, whose zero modes are identified with the 4-dimensional chiral SM quark states. 
The KK expansions of the weak-doublet and -singlet leptons will be likewise and are not shown 
for brevity. 

Similar to the supersymmetric R-parity in this UED scenario we have Kaluza-Klein parity, in 
short KK-parity, which is conserved. This KK-parity is defined as 



KK — parity 



;i.ii2) 



with n as the KK number of the corresponding states. Thus in any KK-parity conserving process 
the lightest Kaluza-Klein particle (LKP) state, with n = 1, cannot decay to the standard model 
particles and will be a good example of dark matter. 



1.8.6 Bounds on the Universal Extra Dimension 

During the discussion of LED scenario, we put some bound on the extra dimension based on 
the Newtonian gravitational interaction. In that case all the SM particles were constrained 
to be at a single point of the extra dimension so we did not care about the electro-weak or 
any other interactions. In the case UED scenario all the SM particles can access the extra 
dimensions. On the other hand weak interaction is perfectly measured up to a length ~ m^J^, 
much smaller than the LED bound 1mm, so we expect that the bound on the universal extra 
dimensions should be much more constraint. Constraints on this scenario from g — 2 oi the 
muon [30], flavour changing neutral currents [20, 31, 32], Z -^ bb decay [33], the p parameter 
[22, 34], other electroweak precision tests [35], implications from hadron collider studies [36], 
etc. imply that R~^ ^ 300 GeV. A recent inclusive B -^ Xs'~f analysis sets a stronger constraint 
R-^ ;^ 600 GeV [37]. 
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This thesis is devoted mainly to explore some of the distinctive characterisicts of new physics 
beyond the standard model. In chapter 2 we have presented the power law evolution of gauge, 
Yukawa and quartic couplings in the universal extra-dimensional scenario. We have also noted 
in this chapter that if supersymmetry is found at the LHC then UED will be out of reach of any 
future collider experiment. How the upper limit of the lightest supersymmetric neutral Higgs 
mass will be relaxed if supersymmetry is embeded in the extra dimension is discussed in chapter 
3. In chapter 4, using three different approaches we have achieved a low intermediate left-right 
symmetry breaking scale in the supersymmetric 5*0(10) Grand Unified Theory. Remaining 
within the SM in chapter 5 we have analysed the triquark state using SU{6) unitary scalar 
factors and derived tree level pentquark masses. In chapter 6 we have presented the summary 
and conclusions of the work. 
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Chapter 2 

Power law scaling in Universal Extra 
Dimension scenarios 



2.1 Introduction 

In section 1.6.3 we have seen that in the standard model, the gauge couphngs (Yukawa and 
quartic scalar couplings as well) run logarithmically with the energy scale. The gauge couplings 
do not all meet at a point, they tend to unify near 10^^ GeV. Such a high scale is beyond the 
reach of any present or future experiments. Instead of this logarithmic running, if the gauge 
couplings were running exponentially or with a definite power of energy then we could have a 
lower GUT scale. Extra dimensions is such a scenario which will lead to a power law running 
of the gauge couplings due to the large number of Kaluza-Klein states. Different KK modes 
will contribute the same way, as the zeroth mode does, to the gauge coupling evolution once 
we cross their corresponding threshold energies. The cumulative effect of this leads to a power 
law running of the gauge couplings. 

Here we will work in a one UED scenario, where a flat extra dimension is compactified on an 
S^ /Z2 orbifold as discussed earlier. With this compactification on an orbifolding S^ /Z2 for the 
five-dimensional scenario the expansion of the five- dimensional gauge bosons, scalars and the 
fermions are already given in sec. 2.3. We examine the cumulative contribution of the KK 
states to the renormalisation group (RG) evolution of the gauge, Yukawa and quartic scalar 
couplings. Our motive, here, is to extract any subtle features that emerge due to the KK tower 
induced power law running of these couplings in contrast to the usual logarithmic running of 
the standard 4-dimensional theories, and whether they set any limit on parameters for the sake 
of theoretical and experimental consistency. 

Let us now clarify the technical meaning of RG running in a higher dimensional context. This 
has been extensively discussed in [27] in a general context, and here we merely reiterate it to 
put our specific calculations into perspective. Like all other extra-dimensional models, from 
a 4-dimensional point of view, the UED scenario too is non-renormalisable due to the infinite 
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multiplicity of the KK states^. So 'running' of couplings as a function of the energy scale 
E ceases to make sense. What we should say is that the couplings receive finite quantum 
corrections whose size depend on some explicit cutoff^ A. The corrections originate from the 
following number of KK states^ 

cA pA 

dn = R dE={AR-l) (2.1) 

which lie between the scale R^^ where the first KK states are excited and the cutoff scale A. 
The couplings will have a power law dependence on A as a result of the KK summation. This 
cutoff is interpreted as the scale where a paradigm shift occurs when some new renormalisable 
physics underlying our effective non-renormalisable framework surfaces. 



2.2 Renormalisation Group Equations 

We now lay out the strategy followed to compute the RG correction to the couplings from the 
KK modes. The first step is obviously the calculation of the contribution from a given KK level 
which has both Z2-even and -odd states. Three points are noteworthy and should be taken into 
consideration during this step: 

1. While the zero mode fermions are chiral as a result of orbifolding, the KK quarks and 
leptons at a given level are vector-like. 

2. The fifth compotent of the gauge bosons are {Z2 odd) scalars, but in the adjoint repre- 
sentation of the gauge group. Such states are not encountered in the SM context. 

3. The KK index n is conserved at each tree level vertex. 

The first step KK excitation occurs at the scale R^^ (modulo the zero mode mass). Up to 
this scale the RG evolution is logarithmic, controlled by the SM beta functions. Between R~^ 
and 2i?"^, the running is still logarithmic but with beta functions modified due to the first KK 
level excitations, and so on. Every time a KK threshold is crossed, new resonances are sparked 
into life, and new sets of beta functions rule till the next threshold arrives. The beta function 
contributions are the same for each of the {AR— 1) KK levels, which, in effect, can be summed. 
After this, the scale dependence is not logarithmic any more, it shows power law behaviour, as 
illustrated by Dienes et al in [39]. This illustration shows that if AR ^ 1, then to a very good 
accuracy the calculation basically boils down to computing the number of KK states up to the 



^For a study of ultraviolet cutoff sensitivity in different kinds of TeV scale extra-dimensional models, see 
[38]. 

^The beta functions are coefScients of the divergence 1/e in a 4-dimensional theory. Here, a second kind 
of divergence appears when the finite beta functions get corrections from each layer of KK states which are 
summed over. This summation is truncated at a scale A. 

r — _ 



■^ Since, the energy of the n-th KK-mode is given hy E = ^, where R is the radius of compactifaction. 
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cutoff scale. For one extra dimension up to the energy scale E this number is S* = ER, and 
^max _ ^ Then if (3^^ is a generic SM beta function valid during the logarithmic running up 
to R"^, beyond that scale one should replace it as"^ 



P 



SM 



p^^ + e{E-^){s-i)p, 



(2.2) 



where /3 is a generic contribution from a single KK level. The function G(ii^ — -^) is used just 
to state that this UED /3-function will only occur after an energy scale E > ^. Irrespective of 
whether we deal with the 'running' of gauge, Yukawa, or quartic scalar couplings, the structure 
of Eq. (2.2) would continue to hold. Clearly, the S dependence reflects power law running. How 
this master formula (2.2) enters diagram by diagram into the evolution of the above couplings 
in the UED scenario constitutes the main part of calculation in this chapter. 



2.2.1 Gauge couplings 

While considering the evolution of the gauge couplings, we first write j3f = bigf. The calculation 
of bf would proceed via the same set of Feynman graphs which give the SM contributions bf^ 
but now containing the KK internal lines. The key points to remember are the presence of 
adjoint scalars and doubling of KK quark and lepton states due to their vectorial nature. 
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Figure 2.1: Evolution of gauge couplings for UED with R ^ = 1, 5, and 20 TeV. For each of the three 
couplings, ai = gf/4:Tr. 



^We refer the readers to eqns. (2.15) and (2.21) of Ref. [39], and the subtleties leading to these equations in 
the context of gauge couplings, to have a feel for our Eq. (2.2). 
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We obtain 



bi 



— , &2 

10' 







(2.3) 



where the U{1)y beta function is appropriately normahsed. Just to recall, the corresponding 
SM numbers are given in eqn.(1.84). We have plotted the evolution of gauge couphngs in UED 
for R~^ = 1, 5, and 20 TeV in Fig. 2.1. The running is fast, as expected, and the couplings 
nearly meet around^ 30, 138 and 525 TeV, respectively. It is not hard to provide an intuitive 
argument for such low unification scales and how they vary with R: roughly speaking, AR is 
order ln(MGUT/^vy) ~ ln(10^^), where Mqut is the 4-dimensional GUT scale, i.e. the effect of 
a slow logarithmic running over a large scale is roughly reproduced by a fast power law sprint 
over a short track. The other striking feature reflected in Fig. 2.1 is that the SU{2) gauge 
coupling ceases to be asymptotically free: the dominance of the KK matter sector over the 
gauge part in 62 severely challenges the SU{2) asymptotic freedom. In contrast, the negative 
sign of 63 causes a precipitous drop in the SU{3) gauge coupling with energy. 



2.2.2 Yukawa couplings 



(^-1) 



2(5'-!) 



(S-l) 




(S-l) 



Figure 2.2: Diagrams contributing to Yukawa coupling evolution in the Landau gauge. Solid (broken) 
lines correspond to fermions (SM scalars), while wavy lines (wavy+solid lines) represent ordinary gauge 
bosons (fifth components of gauge bosons). 



^The issue of proton stability in such low scale unification scenarios has been dealt in [24]. 
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The Feynman diagrams that contribute to the power law evolution of Yukawa couplings (in 
Landau gauge) are shown in Fig. 2.2. The contributions come from the pure SM states, their 
KK towers, and from the adjoint representation scalars^. The last two contributions, as the 
master formula (2.2) indicates, have an overall proportionality factor {S — 1). As we examine 
contributions from individual KK states, we see that due to the argument of fermion chirality, 
not in all diagrams do the cosine and sine mode states both simultaneously contribute. This 
accounts for a relative factor of 2 between the two types of diagrams. For example, in Fig. 2.2a 
the fermionic KK modes can only come from cosine expansions, whereas in Fig. 2. 2d both cosine 
and sine fermion modes contribute. This is why Fig. 2.2a has a multiplicating factor {S — 1), 
while for Fig. 2. 2d the factor is 2(5* — 1). Whereever A^ is involved as an internal line, the 
associated KK internal fermions necessarily come from sine expansion, e.g. in Figs. 2.2g, 2.2h 
and 2.2i. The above book-keeping has been done for individual graphs and the proportionality 
factors have been mentioned for each diagram in Fig. 2.2. The Yukawa RG equations (beyond 
the threshold R^^) can be written as (t = InE): 



IGtt 






A 



UED 

Vf ' 



(2.4) 





% — in — n — r 

login E 



Figure 2.3: Evolution of the top quark Yukawa coupling in the UED scenario (left panel) and (b) the SM 
(right panel). UED evolution is shown for three different values of R^^ and the curves are terminated at 
the corresponding unification scales. 



^A subtle feature is worth noticing. In four dimensions, the calculational advantage of working in Landau 
gauge is that some diagrams give vanishing contributions. The argument breaks down in a higher dimensional 
context. More explicitly, consider the Figs. 2.2h and 2.2i. These graphs proceed through the exchange of 
adjoint A5 scalars and yield non-vanishing contributions. The corresponding figures with A^ exchange are 
absent because they give null results in the Landau gauge. 
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where / generically stands for the up/down quarks or leptons. The SM beta functions f3^^ can 
be found e.g. in [40]. 



Vf 



The UED contributions to the beta functions f3. 
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yi,u,d 



are given by: 
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il2gl + —gl + -gf) + -{yl - yj) 



il2gl + —gl + —gl) + -{yl - yl 



yi + 2{S-l) [Yi + 'SYu + 'iYd] yi, 

yu + 2{S - 1) \Yi + Wu + 3rd a^) 
yd + 2{S - 1) [Yl + SK + Wd] yd, 



with Y/ = YliiVh ^d = YlidV'd^ ^'^'^ ^« ~ Sn^M- '^^ illustrate how the power law dependence of 
Yukawa couplings quantitatively compares and contrasts with their 4-diniensional logarithmic 
running, we have exhibited in Fig. 2.3 the behaviour of the top-quark Yukawa coupling in the 

two cases. 

Another consequence of unification in many models is a prediction of the low energy value of 
171^/171^-. This ratio, unity at the unification scale, at low energies takes the values 4.7, 4.2, and 
3.9 for l/R = 1, 5, and 20 TeV, respectively. Admittedly, rUb is on the high side; a limitation 
which perhaps may be attributable to the one-loop level of the calculation. 



2.2.3 Quartic scalar coupling and the Higgs mass 



The one-loop diagrams through which the KK modes contribute to the power law running of 
the quartic scalar coupling A (in Landau gauge) are shown in Fig. 2.4. As clarified before in 
the case of Yukawa running, the extra factor of 2 in front of (S* — 1) for some graphs indicates 
that cosine and sine KK modes both contribute only to those graphs. The evolution equation 
can be written as 

IGtt^^ = Pf^ + Q{E - 1) /^UED (2.6) 



dt 



R' 



The expressions for f3^ can be found e.g. in [41]. The UED beta functions are given by 
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(2.7) 
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Figure 2.4: Diagrams contributing to quartic scalar coupling evolution. The conventions are the same as 
in Fig. 2.2. 

The evolution of A has interesting bearings on the Higgs mass. In the standard 4- dimensional 
context, bounds on the Higgs mass have been placed on the grounds of 'triviality' and 'vacuum 
stability' [42]. What do they imply in the UED context? The 'triviality' argument requires 
that A stays away from the Landau pole, i.e. remains finite, all the way to the cutoff scale A. 
The condition that 1/A(A) > can be translated to an upper bound on the Higgs mass (m^) 
at the electroweak scale when the cutoff of the theory is A. This has been plotted in Fig. 2.5 
(the upper curves) for three different values of R. A given point on that curve (for a given 
R) corresponds to a maximum allowed mn at the weak scale; for a larger itlh the coupling A 
becomes infinite at some scale less than A and the theory ceases to be perturbative. Clearly, 
this m^*^^ varies as we vary the cutoff A . The argument of 'vacuum stability' relies on the 
requirement that the scalar potential be always bounded from below, i.e. A(A) > 0. This can 
be translated to a lower bound m™"^ at the weak scale. The lower set of curves in Fig. 2.5 (for 
three values of R~^) represent the 'vacuum stability' limits, the region below the curve for a 
given R being ruled out. RecaUing that the cutoff is where the gauge couplings tend to unify, 
we observe that the Higgs mass is limited in the narrow zone 



148 ^ruH ^ 186 GeV 



(2.8) 



in all the three cases, for a zero mode top quark mass of 174.2 GeV. Admittedly, our limits 
are based on one-loop corrections only. That the upper and lower limits are insensitive to the 
choice of R is not difficult to understand, as what really counts is the number of KK states, 
given by the product AR, which, as mentioned before, is nearly constant, order ln(10^^). The 
limits in Eq. (2.8) are very close to what we obtain in the SM at the one-loop level, namely 
147 ^ m^ ^189 GeV (see also [43], where one- loop SM results have been derived'^). 



^The SM two-loop limits are [42]: 145 ^ m^jf^ ^ 168 GeV for m* = 174.2 GeV. 
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Figure 2.5: Bounds on the Higgs mass at the electroweak scale in the UED scenario from the triviality 
and vacuum stability conditions for R^^ = 1, 5, and 20 TeV. See text for details. 

2.2.4 Supersymmetric UED 

What happens if we take the supersymmetric (SUSY) version of UED? A 5-dimensional A^ = 1 
supersymmetry when perceived from a 4-dimensional context contains two different A^ = 1 
multiplets forming one N = 2 supermuhiplet. For a comprehensive analysis, we refer the 
readers to [27]. There are two issues that immediately concern our analysis. First, unlike in 
the non-SUSY case, the Higgs scalar in a chiral multiplet will now have both even and odd 
Z2 modes on account of degrees of freedom counting consistent with supersymmetry. Also, 
there will be two such N = 2 chiral supermultiplets to meet the requirement of supersymmetry. 
Second, in the RG evolution two energy scales will come into play. The first of these is the 
supersymmetry scale, called Ms, which we take to be 1 TeV. Beyond Ms, supersymmetric 
particles get excited and their contributions must be included in the RG evolution. The second 
scale is that of the compactified extra dimension 1/R, which we take to be larger than Ms- 

The gauge coupling evolution must now be specified for three different regions. The first of 
these is when E < Ms where the SM with the additional scalar doublet^ beta functions are in 
control. In this region: 

fcio = ^, b2o = -^, ho = -7. (2.9) 



^SUSY requires two complex scalar doublets. 
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Once Ms is crossed and up until 1/-R, we also have the superpartners of the SM particles 

pitching in with their effects. The contributions of the SM particles and their superpartners 

together are given by: 

33 
&i. = y, &2s = l, &3s = -3. (2.10) 

Finally, when the KK-modes are excited {E > 1/R) one has further contributions from the 

individual modes: 

66 ~ 
&i = y, ^2 = 10, 63 = 6. (2.11) 

Thus, beyond 1/R, the total contribution is given by 

&r = b^o + e{E - Ms) {hs - ko) + e{E -^)iS- 1) k, (2.12) 

Not unexpectedly, for the SUSY UED case, gauge unification is possible. We observe that the 
introduction of this plethora of KK excitations of the SM particles and their superpartners 
radically changes the beta functions; so much so, that the gauge couplings tend to become non- 
perturbative before unification is achieved. For clarity, we make the argument more explicit 
below. First, from Eqs. (2.10) and (2.11) we note that the dominance of the KK matter over 
the KK gauge parts is so overwhelming that the SU{3) beta function (63) beyond the first 
KK threshold ceases to be negative any longer. The other two gauge beta functions, which 
were already positive with contributions from zero mode particles plus their superpartners, 
become even more positive. So the curves for all the three gauge couplings would have the 
same sign slopes once the KK modes are excited. As a result, with increasing energy the 
three curves for a'^ would dip with a power law scaling fast into a region where the couplings 
themselves become too large at the time they meet. Therefore, in order that all of them remain 
perturbative during the entire RG evolution, the onset of the KK dynamics has to be sufficiently 
delayed. This requirement imposes R'^ ^ 5.0 x 10^° GeV. In effect, this implies that the twin 
requirements of a SUSY-UED framework as well as perturbative gauge coupling unification 
pushes the detectability of the KK excitations well beyond the realm of the LHC 



2.3 Conclusions and Outlook 

As the LHC is getting all set to roar in 2008, expectations are mounting as we prepare our- 
selves to get a glimpse of new and unexplored territory. New physics of different incarnations, 
especially supersymmetry and/or extra dimensions, are crying out for verification. How does 
the landscape beyond the electroweak scale confront the evolution of the gauge, Yukawa and 
scalar quartic couplings? Will there be a long logarithmic march through the desert all the 
way to 10*^^^"^'''^ GeV, or is a power law sprint awaiting us with a stamp of extra dimensions? 
In which way does the latter quantitatively differ from the former has been the subject of our 
investigation in the present chapter. We observe the following landmarks that characterise the 
extra-dimensional running: 



42 



1. The orbifolding renders some subtle features to the RG running in UED. Due to the 
conservation of KK number at tree level vertices, the Z^ even and odd KK states selec- 
tively contribute to different diagrams. While some diagrams are forbidden, there are 
new diagrams originating from adjoint scalar exchanges. In the present chapter we have 
performed a diagram by diagram book-keeping leading to the evolution equations. 

2. Low gauge coupling unification scales can be achieved without introducing non- 
perturbative gauge couplings. The unification scale depends on /?, and is approximately 
given by A ~ (25 - 30)//?. 

3. The 'triviality' and 'vacuum stability' bounds on the Higgs mass have been studied in the 
context of power law evolution. This limits the Higgs mass in the range 148 ^vnn ^186 
GeV at the one-loop level. The corresponding SM limits at the one-loop level are not 
very different. 

4. If low energy SUSY is realised in Nature, then the requirement of perturbative gauge 
coupling unification pushes the inverse radius of compactification all the way up to ~ 10^*^ 
GeV. Thus if superpartners of the SM particles are observed at the LHC, the nearest 
KK states within the UED framework are predicted to lie beyond the boundary of any 
observational relevance. 

It should be admitted that even if TeV scale extra-dimensional theories are established, the 
spectrum might be more complicated than what UED predicts. The confusion is expected to 
clear up at least when the low-lying KK states face appointment with destiny within the first 
few years of the LHC run. Our intention in the present chapter has been to choose a simple 
framework to study power law evolution. Flat extra-dimensional models are particularly handy 
as they provide equispaced KK states which allow an elegant handling of internal KK summation 
in the loops. UED is an ideal test-bed to conduct this study as it has been motivated from 
various angles and subjected to different phenomenological tests. 
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Chapter 3 

Extra-dimensional relaxation of the 
upper limit of the lightest 
supersymmetric neutral Higgs mass 



3.1 Introduction 

The most general symmetries of local relativistic quantum field theories include supersymme- 
try, briefly discussed in sec- 1.7, a phenomenological version [14] of which is awaiting a final 
judgement within the next few years as the LliC turns on. Indeed, one of the most coveted tar- 
gets of the LHC is to capture the Higgs boson, and supersymmetry, admitting chiral fermions 
together with their scalar partners in the same representations, tacitly provides a rationale 
for treating the Higgs as an elementary object [16]. Furthermore, through the removal of the 
quadratic divergence that plagues the ordinary Higgs mass, phenomenological supersymmetry 
has emerged as a leading candidate of physics beyond the standard model. A key signature of 
the minimal version of supersymmetry is that the lightest Higgs boson mass obeys an upper 
bound ~ 135 GeV, see sec. -3. 2. 2, - a prediction which will be put to test during the LHC run. 
Now, supersymmetry is an integral part of string theory which attempts to provide a quantum 
picture of all interactions. Since string theory is intrinsically a higher dimensional theory, a 
reanalysis of some 4-dimensional (4d) supersymmetric wisdom in the backdrop of extra dimen- 
sions might provide important clues to our search strategies. As we know the main motivation 
of LHC is to find the Higgs boson besides examining the new physics. In this chapter we ad- 
dress the following question which we believe is extremely timely: What is the upper limit of the 
lightest CP-even neutral Higgs mass if the minimal supersymmetric standard model (MSSM) 
is embedded in extra dimensions [44]? We consider the embedding first in one and then in two 
extra dimensions. 

Let us first discuss why this is an important issue. Recall that MSSM has two Higgs doublet 
superfields {Hi and if 2)5 and supersymmetry does not allow the scalar potential to have inde- 
pendent quartic couplings. Gauge interactions generate them through supersymmetry breaking 
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D-terms and the effective quartic interactions are written in terms of the gauge couphngs. This 
makes the Higgs spectrum partially predictive, in the sense that at the tree level the lightest 
neutral Higgs (h) weighs less than m^ (m^ < m| cos^ 2/3, where tan/5 is the ratio of two vac- 
uum expectation values (VEVs)), see sec. -3. 2.1. However, m^^ receives quantum corrections, 
see sec. -3. 2. 2, which, due to the large top quark Yukawa coupling and for heavy stop squarks, 
can become as large as Am^ ~ {3G Fva.j / V27t'^) ln(m?/m^), where m^ is an average stop squark 
mass [45, 46]. The upper limit on m.h is then pushed to around 135 GeV for squark mass in the 
0{TeV) range. Notice that the non-observation of the Higgs boson at LEP2 has already set 
a lower limit m^^ > 114.5 GeV [47, 48], which is satisfied only if a sizable quantum correction 
elevates the Higgs mass beyond the tree level upper limit of m^. This implies (i) lower values 
of tan/3, which is usually chosen in the range 1 < tan/5 < m^/mf,, are disfavoured, and (ii) the 
squark mass m^ has to be in the TeV range, which also sets the scale of a generic soft super- 
symmetry breaking mass Ms- The MSSM prediction of a light Higgs is also in line with the 
indication coming from electroweak precision tests that the neutral Higgs should weigh below 
199 GeV^ [49]. The so called 'little hierarchy' problem then arises out of an order of magnitude 
mass splitting between the Higgs and the superparticles. 

Adding a gauge singlet superfield (A^) in the MSSM spectrum and coupling it with Hi 2 via the 
superpotential XNH1H2 helps to ease the tension. Not only does this next to minimal version 
of supersymmetry (the so called NMSSM [50]) help to address the '/i problem', it also generates 
a tree level quartic coupling in the scalar potential which modifies the tree level upper limit 
on m/i through m^ < m| cos^ 2/5[l + 2A^ tan^ 2/3/((yf^ + g''^)] (see [51]). Assuming A to be in the 
perturbative regime, i.e., A ~ g,g', one basically obtains a new contribution ~ m|sin^2/5 to 
the tree level m^. This way the low tan/5 regime can be revived. Since many supersymmetric 
couplings depend on tan/3, search strategies alter in a significant way if the disfavoured low 
tan/3 region is thus resurrected^'^. 

In this chapter we adopt a different approach which also revives the low tan/5 region. We 
stick to the MSSM particle content, but embed it in a higher dimension compactified at the 
inverse TeV scale [27]. Although we argued in the beginning that string theory provides a 
rationale for linking the two ideas, namely, supersymmetry and extra dimension, establishing 
any rigourous connection between the two at the level of phenomenological models is still a long 
shot. Here we take a 'bottom-up' approach: we first outline what has already been studied 
in the phenomenological context of TeV scale extra-dimensional scenarios, and then illustrate 
what we aim to achieve in this chapter. 

1. As in the previous chapter, we will discuss the physics with one extra dimension first 
(with inverse radius of compactification around a TeV) but without supersymmetry and 
later for completeness we will also glance at the scenario with two extra dimensions. A 



^This indirect upper limit as well as the LEP2 direct search lower limit of m^ > 114.5 GeV apply, strictly 
speaking, for the SM Higgs. However, in the 'decoupling limit' of the MSSM (large m^ leading to full-strength 
ZZh coupling), which is the region of interest in the present chapter, the above limits continue to hold. 

^Low tan/3 is preferred by electroweak baryogenesis as well [52]. 

^The constraint arising from perturbativity of couplings can be evaded if the Higgs is charged under an 
asymptotically free gauge group [53]. 
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typical model is the one UED scenario where all particles access the extra dimension. 
Constraint, in general, on this scenario, discussed in the sec-1.8.6, is R~^ ^ 300 GeV 
while a recent inclusive B -^ Xg'-f analysis sets a stronger constraint R~^ ^ 600 GeV [37]. 

2. Our object of interest is a supersymmetric theory (e.g. MSSM) but embedded in a higher 
dimension. Here we ask the following question: What would be the shift in the Higgs mass 
due to radiative effects induced by extra dimensions! The kind of scenario, here, we will 
consider is not the exact UED scenario but a modified universal extra dimension (mUED)*^ 
where the SM bosons along with their superpartners access the higher dimensional bulk 
in addition with only one generation (here, the third one) of the SM fermions together 
with their superpartners. From a 4d perspective, all the states which access the bulk will 
have Kaluza-Klein (KK) towers. The zero modes, i.e., those states which do not have 
any momenta along the extra coordinates, are identified with the standard 4d MSSM 
spectra. Now, not only the top quark and the stop squarks would contribute to the 
radiative correction to m|, their KK partners would do so as well. As it turns out, the 
radiative correction driven by the KK states has the same sign as the one from the zero 
modes. As a result, Am| becomes larger and thus the upper limit on m/^ is pushed to 
higher values beyond the usual 4d MSSM limit of around 135 GeV. As we shall see, in 
the absence of any left-right scalar mixing, the new contribution coming from KK modes 
is to a good approximation proportional to i?^(m? — m^)/v?. This fits our intuition that 
the KK contribution falls with higher KK modes and vanishes both when i? — * and in 
the limit of exact supersymmetry. We can interpret the result in two ways. Either, we 
take large tan/3 and (9(TeV) squark mass that yielded the 4d supersymmetry limit ~ 135 
GeV, in which case the new upper limit shoots up by several tens of GeV. Or, we may 
admit lower tan/? and/or accommodate lighter zero mode squarks which were hitherto 
disfavoured in the 4d context. Either way, the Higgs phenomenology gets an interesting 
twist which is intuitively comprehensible and analytically tractable, owing largely due to 
the fact that we are here dealing with only one additional parameter, namely, the radius 
of compactification. Moreover, the top quark mass which appears with fourth power in 
the expression of Am| is now known to a precision better than ever (nif = 170.9 ± 1.8 
GeV [54]). 

As mentioned before, we have considered the embedding of 4d supersymmetry in one as well 
as two extra dimensions. We shall see that qualitatively the KK contributions to the radiative 
corrections of m/j from 5d and 6d theories are similar, the quantitative estimates differ due 
to the different density of KK states in the two cases. In 5d, the KK states are spaced as 
n/ R (modulo their zero mode masses) where n, an integer, is the KK number, whereas in 6d, 
a similar expression holds except n^ =^ j^ + /c^, where j and k are two different sets of KK 
numbers corresponding to the two compactified directions. 

Section 3.2 is basically a review of the standard derivation of the upper limit of the lightest 
neutral Higgs in conventional 4d MSSM in the effective potential approach. This paves the 



If all the three matter generations are bulk fields, then the theory become non-perturbative too soon, unless 
1/R> 5.0 X IQi" GeV [28]. 
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way, in the next section, to upgrade the above derivation for accommodating contributions 
from the KK modes of the top quark and squarks in 5d and 6d scenarios. In section 3.4, we 
shall comment on the numerical impact of the higher KK modes on the lightest neutral Higgs 
mass and its consequences. We shall draw our conclusion in the final section of the chapter. 



3.2 MSSM and the neutral Higgs spectrum 

3.2.1 Tree level mass relations 

Let us start with the discussion what we started in sec.-1.7 that in supersymmetry we have two 
complex scalar doublets as 

^1° \ ,r / H2 



whose SU{2) x U{1) quantum numbers are (2,-1) and (2,+l) respectively. H^ couples with 
down-type quarks and charged leptons, while H2 couples with up-type quarks. This guarantees 
natural suppression of flavour- changing neutral currents in the limit of exact supersymmetry. 
Now, out of the eight degrees of freedom contained in the two Higgs doublets three are absorbed 
as the longitudinal modes of the W and the Z bosons, while the remaining five modes appear 
as physical states. Of these five states, two are charged (i/^) and three are neutral {h,H,A). 
Our present concern is the neutral sector of which {h, H) are CP-even, while A is CP-odd. 

The tree level potential involving these two doublets is given by 

V = ml\H,\^ + ml\H2\^ + ml,{H,H2 + h.c) + lgliHyH2 + HyH.f + \giWH2\^ - \H^\^)\ 



(3.2) 
where m^, m^ and m^2 ^'^^ soft supersymmetry breaking mass parameters, (72 and gi are the 
SU(2) and f/(l) gauge couplings, and a" (a = 1,2,3) are the Pauh matrices. Note that the 
quartic coupling is related to the gauge couplings. The part involving the neutral fields is given 

by 

Vo = m?|i/,T + mim' - <2{H',Hl + h.c) + \{gl + ^?)(|iJ,T - I^^T)'- (3-3) 

After spontaneous symmetry breaking the minimum of Vq involves the following two VEVs: 
{Hi) = vi and {H^) = V2. The combination v = ^vf + vl = (V^Gf)'^^^ ^ 246 GeV sets the 
Fermi scale. Let us define shifted neutral Higgs fields as 

Hl^H', + ^iS, + tP,) (3.4) 

H'^ ^ H'2 + ^{82 + tP2) 

The mass matrix square for the CP-odd sector is given by 
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M' 



Im 



dP;dP] 

ml + \{gl + gl){vl-vl) 



(3.5) 



in 



12 



m 



12 



'^l--M + 9l){vl-vl) 



m 



12 



1)2 


1 


'«1 




1 


Hi 




1'2 



As it^ is a singular matrix^, so one of the eigenvalues will be zero which is the mass of the 
neutral massless Goldstone boson G^ 

niGO = (3.7) 

while other one is the CP-odd Higgs boson A whose mass simply is given by the ' trace' of the 
matrix as 



m. 



where, 



The CP-even neutral sector mass is 



sin 2/5 



2mf, 
sin 2/3 

2fit;2 
vl + vl' 



M 



2 
Re 



dS;dS; 



2ml + \ ial + gl) {M - vl) -2m22 - {gl + gDv^v^ 
{gf + gi)viV2 2m2 + ^igf + g^^){3vi - vf] 



-2ml, 



and we get CP-even neutral Higgs masses as 



m 



h,H 



m\ + m| =F \/ {m\ + m|)2 — 4m^m| cos^ 2/5 



where, by definition, h is the lighter of the two CP-even Higgs. 

Using these relations we can have a useful sum rule just by adding ml and m!jj from eqn.- 



2,2 2,2 

m^ + m^ = m^ + m^. 



(3.8) 
(3.9) 

(3.10) 

(3.11) 

-(3.11) 
(3.12) 



On the otherhand, from eqn.(3.11), we have 



m 



H 



( 2 , 2n , / 2 , 2^}, ^mj^mj COS^ 2/j 
(m^ + m,) + (m^ + m^) |l - ^^^ ^ ^^^^ 

,2 ^2 



(3.13) 



2 , 2 mJimicos^2/3 

m. -h m^ 5 5 — . 

^ ^ m^ -h m| 



^In deriving the second step we have used the minimization condition of the conition of the potetial, 

dV dV 



dHl dHl 







(3.6) 



at the minima of the potential i.e at H^ = Vi and if 2 = "^2- 
^A singular matrix is matrix with zero determinant 
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Thus we have, 



m| = m^ + m| <J 1 -r )■ , imphes, m^ > m\ (3.14) 

1 + ^ 



m^ = m| + m^<Jl -^ )> , imphes, m^ > m|. (3.15) 

1 + ^ 

Again, just by muhiplying m^ with m^f from eqn.-(3.11) we have, 

m^m^ = m|m^cos^2/5. (3.16) 

So, we have the relation. 



m 



2 



m^ = — 2~]^|cos^2/3 imphes, m^ < m|cos^ 2/3 < m|, since, m^ > m^; (3-17) 



m 



and 



H 



,2 ^^^™2„„„2o/3 ;™„l;„„ ™2 ^ _2 „„„2 - 



m^j = — 2~i^aCos 2/5 imphes, m^^ < m^cos 2(3 < m^, since, m^^^ > m^. (3.18) 



m^ 



Thus, finaUy, in the tree level we have the inequality 

m.h < min (m^, m^)] cos2/5| < min {m.A,mz), (3.19) 

i.e., at the tree level (i) the lighter of the two CP-even Higgs (h) weighs less than m^, and (ii) 
the CP-odd Higgs (A) is heavier than h but lighter than H. 



3.2.2 Radiative corrections 

We shall now discuss how the above tree level relations are affected by quantum loops [45, 46]. 
We shall confine our discussion on the correction to m/i only, and that too at the one-loop level. 
We note two important points: 

1. Radiative corrections to m/j are dominated by the top quark Yukawa coupling (ht) and 
the masses of the stop squarks (ti, t2)- For large values of tan/5, the contributions from 
the 6-quark sector also assume significance. We shall ignore loop contributions mediated 
by lighter quarks or the gauge bosons. 
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2. The tree level Higgs mass is protected by supersymmetry. In the limit of exact super- 
symmetry, the entire quantum correction vanishes. So radiative corrections to m.^ will be 
controlled by Ms- 

Three different approaches have been adopted in the literature to calculate the radiative cor- 
rections to mh- (i) effective potential technique, (ii) direct diagrammatic calculations, and (iii) 
renormalisation group (RG) method, assuming Ms ^ m^ and fixing the quartic coupling pro- 
portional to ((7^ + g''^) at that scale and then evolving down to weak scale. In this chapter, we 
shall follow the effective potential approach primarily for the sake of conveniently including the 
effect of new physics later. 

We first start with an RG-improved tree level potential Vq{Q) which contains running masses 
m^((5) and running gauge couplings QiiQ). The full one-loop effective potential is now given 

by 

^i(Q) = ^o(Q) + A\/i(g), (3.20) 

where, in terms of the field dependent masses M[H), 



AV.iQ) 



647r 



StrAf*m{ta^-|}. (3,21) 



The Q-dependence of AVi{Q) cancels against that of Vo{Q) making Vi{Q) independent of Q 
up to higher loop orders. The supertrace in Eq. (3.21), defined through 

Str/(m2) = ^(-1)2^>(2J, + l)/(m,2), (3.22) 

i 

has to be taken over all members of a supermultiplet and where mf = mf(if) is the field- 
dependent mass eigenvalue of the particle i with spin Jj. As an example, the contribution from 
the chiral multiplet containing the top quark and squarks is given by 

where the overall factor of 3 comes from colour. Note that m^^ and m^ in Eq. (3.23) are field 
dependent masses. Even though hb ^ ht, the contribution from the bottom supermultiplet 
turns out to be numerically significant in the large tan j3 region. AVb can be written analogously 
to AVf with the appropriate replacements of top and stop masses by bottom and sbottom masses 
respectively. 

We now explicitly write down the field dependent mass terms. This simply means a replacement 
of Vi by H^ {i = 1, 2) wherever Vi appear in the expression of masses. The field dependent top 
and bottom quark masses are given by 

m',iH) = h'M\' ; ^liH) = hl\H',\\ (3.24) 



50 



The field dependent stop and sbottom squark mass matrices are written as 



and 



m 



2-/.2|ij0|2 h,{A,H^, + ^iHT 



In Eqs. (3.25) and (3.26) mg, mjj and m^ are soft supersymmetry breaking masses, At and 
Af, are trilinear soft supersymmetry breaking mass dimensional couplings, and /x is the super- 
symmetry preserving mass dimensional parameter connecting Hi and H2 in the superpotential. 
We take both trilinear and the /i couplings to be real. We have neglected the D-term contri- 
butions which are small, being proportional to gauge couplings. The squark masses appearing 
in Eq. (3.23) are obtained from the diagonalisation of Eq. (3.25). 

We now consider the radiative correction to the CP-odd scalar mass matrix. The one-loop 
corrected mass matrix square, obtained by taking double derivatives of the full potential with 
respect to the pseudo-scalar excitations, can be written as 

The radiative corrections generated as a consequence of supersymmetry breaking are contained 
in A = A* + A*^, which is given by 



At(b) 



Kb)^^At(b) 



327r^ 
where 



2 2 

m: ,- , — mr - ^ 

ti{bi) t2{b2) 



/H(m)-/H(m)] (3.28 



m^ 



/(m^) = 2m2 \\n ^ " 1 1 • (3-29) 

The zero eigenvalue corresponds to the massless Goldstone boson which is eaten by the Z boson. 
The massive state is the pseudo-scalar A whose radiatively corrected mass square is given by 

sm2p 

The Q-dependence of m^ cancels in Eq. (3.30) up to one-loop order. In any case, we shall treat 
the radiatively corrected m^ as an input parameter. 

Now we are all set to calculate the radiative corrections in the neutral CP-even mass eigenvalues. 
The one-loop corrected mass matrix square is obtained by taking double derivatives of the full 
potential with respect to the scalar excitations and is given by 

2 _( m| cos^ /3 -h m^ sin^ /3 -(m^ -H m|) sin/jcos/j ^ , 3 /^ An A12 V . 

•/^'(even) - 1^2 , ^2 \ ■„ o ^^^ o ^2 ■„2 n , ^2 ^^^2 Q + ,_o,.9 A A Rp.Jij 



(^™'^) \^ -(m^ + m|)sin/3cos/5 m| sin ^ + m^ cos^ /3 J An^v^ \ ^12 A22 

51 



where Aj,- = A*- + A^-. The individual Aj,'s are exphcitly written below: 



*j 



A* 



11 



A* 



12 



A* 



22 



A^ 
^11 



A 



12 



A^ 

^22 



where 



/ \ 2 

m^ / /i(A + fiCOtP) \ , 2 2 > 

1 ai^i^^m^,, 



sin P 



1 2 

m^ — vn- 



sin^/3 m? — m? 



m 



ln^ + 



A(A + ^cot/5) 



YH- 



t2 



^2 _^2 ^l^'^l: 



ti 



t2 



m7 



sin /3 



mr 



cos^/9 



In- 



m' 



\^\ 2A(A + /icot/J) m| A A(A + /iC0t/J) \ 



m? 



mi 



mi 



t2 



mi 



t2 



mi 



ti 



m 



2 I ^1^,-^'^,-^. 



t2 






m[m?^ 2Afc(A + /itan/J) i< / A(A, + /itan/3) 

■I"-!-!- ^ I Q Q ■'■■'■J- i^ I 



m7^ 



m? 



m? 



m? 

62 



m? 



m? 

^2 



m^ /i(Afe + /itan/3) 
cos^/9 m? — m? 

bl 62 



-fe^ A(Aj, + /itan/3) 2 2 ^ 

1^^+ ^2 _^2 ^Ki'^^fe^ 



mi 
m^ 



b2 



2 2 

jxif — m^ 

61 62 



mr 



/i(A5 + /itan/?) 



cos^/9 



mi 



m 



^Ki'"^!)- 



b2 



^(m?,m2) 



2- 



mt 



mt 



JII2 ml 

r) 111 2 ■ 

mn 



ms 



Two points deserve mention at this stage: 



^Ki'^^i^ 



(3.32) 



(3.33) 



1. While the leading log contribution appears in A22 for the top sector, the same appears in 
All for the bottom sector. This happens because the right-handed top quark couples to 
if 2 while the right-handed bottom quark couples to H\. In the absence of any left-right 
scalar mixing, these leading logs are the only radiative contributions. 

2. Ignoring the left-right scalar mixing, the radiative shift to the Higgs mass square 



coming from the top-stop sector turns out to be Am; 



(3/47rV)A*2sin^/5 



(3m^/27r^f ^) ln(m?/m|), where m^ = ^m^^ m^^ is an average stop mass. This is the ex- 
pression we quoted in the Introduction. 



3.3 Radiative corrections due to extra dimensions 

We now discuss the supersymmetric version of the theory. A 5d A^ = 1 supersymmetry from 
a 4d perspective appears as two A^ = 1 supersymmetries forming an A^ = 2 theory. For the 
details of the hypermultiplet structures of this theory, we refer the readers to [27]. Our concern 
in this chapter is to calculate the radiative contribution to m/i coming from the KK partners 
of particles and superparticles. We now proceed through the following steps. 
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1. Let us first recall that the N = 2 supersymmetry prohibits any bulk Yukawa interaction 
involving three chiral multiplets. The Yukawa interaction is considered to be localised 
at a brane, like —{ht^/A^^"^) J d'^x J dy 5{y) J d'^9 {'H2QT + h.c), where the residual 
supersymmetry is that of A^ = 1, /its is a dimensionless Yukawa coupling in 5d and A the 
cutoff scale. This localisation has a consequence in the counting of KK degrees of freedom 
that contribute to the Higgs mass radiative correction. The delta function ensures that 
those fields which accompany the sine function after Fourier decomposition do not sense 
the Yukawa interaction. 

2. As in the case of 4d (zero mode) supersymmetry, here too the dominant effect arises 
solely from the third generation quark superfields, only that now we have to include the 
contributions from their KK towers. We shall continue to ignore contributions from the 
gauge interactions or those from the first two quark families, as they are not numerically 
significant. As we are working in the mUED scenario, where only one generation accesses 
the bulk and the other two are confined to a brane, then the validity of the theory 
extends further, allowing even a perturbative gauge coupling unification, we checked, 
around E ~ 40/ R. The five- dimensional Fourier decomposition of the corresponding 
superfields from the eqn. (1.111). 

3. In our scheme M5 and R are independent parameters, although we take them to be of the 
same order^. Towards the end of sec-3.4, we briefly remark on the numerical implications 
of any possible connection between Ms and R. 

4. The KK equivalent of Eq. (3.23), which captures the KK contribution arising from the 
top quark chiral hypermultiplet, is then given by 



AK 



n 



* 327r2 




4 / mjn 3 



, (3.34) 



where the field dependent KK masses are given by m|„ = m? +n'^/R'^, m|„ = m| +n'^/R'^, 

and m^„ = mf + n^ / R^ . The field dependence is hidden inside the zero mode masses, as 
illustrated in Eqs. (3.24), (3.25) and (3.26). The corresponding contribution triggered by 
the bottom quark hypermultiplet, AV^,", can be written mutatis mutandis. 

We now calculate the KK loop contribution to the neutral scalar mass matrix. The 
procedure will be exactly the same as that followed for the 4d MSSM scenario in the 
previous section. Since we are going to treat the radiatively corrected physical m^ as an 
input parameter, we concentrate only on the CP-even mass matrix. We first take another 
look at the expressions of the different Aj^, assembled in Eq. (3.32), calculated in the 
context of the 4d MSSM. The prefactors like m^ or m^ originated by the action of double 



''This is in contrast to other higher dimensional supersymmetric scenarios in which both the superpartner 
masses and the scale of electroweak symmetry breaking arising from quantum loops are set by 1/i?, where 
R is the distance between the brane at which top quark Yukawa coupling is localised and the brane where 
supersymmetry is broken [55]. Higher order finiteness of the Higgs mass, where supersymmetry is broken in the 
bulk by Scherk-Schwarz boundary conditions [56], has been discussed in [57]. 
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differentiation on the field dependent squark or quark masses. Recall that the squark and 
quark masses are (quadratically) separated by the soft supersymmetry breaking mass- 
squares which are noi field dependent. So, irrespective of whether we double-differentiate 
the squark or quark masses we get either the top or bottom quark Yukawa coupling^. In 
the same way, the KK mass-squares are separated from the zero mode mass-squares by 
a field independent quantity n^ / R^. Therefore, the expressions for (Ajj)", the radiative 
corrections from the nth KK level, continue to have the zero mode quark masses m^ or 
m^ as prefactors, but now the arguments of the other functions contain the corresponding 
KK masses. 

We are now all set to write down the expressions for different (Ajj)" for n 7^ 0. They are given 

by 
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(3.35) 



{^l2r 



ml 



fi(Ab + /itan/9) \ , o 2 
5f(m^„,m^„ 



m? 
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cos^/9 

\ "1 "2 / 

Now we have to add the (A*)" and (A**)" matrices to the one-loop corrected (from zero modes 
only) mass matrix in Eq. (3.31), sum over n, and then diagonalise to obtain the eigenvalues m^ 
and mjj. The KK radiative corrections decouple in powers of {R^ /n^). To provide intuition to 
the expressions in Eq. (3.35), we display below the approximate formulae for (A*)" in leading 
powers of (R^/n^): 



(A*n)" = -U^)^HA + f.cot(3)f 
b \n^ J sm p 



(Ai2)" 



R^ 



m; 



sin'/5 



IJ,{At + /icot/3). 



(3.36) 



*Tliis also indicates that by fixing the first and second generation matter superfields at the brane we have 
not made any numerically serious compromise as otherwise their contributions would have been adequately 
suppressed on account of their small Yukawa couplings. 
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U, k) 


1,0 


(1,1) 


(2,0) 


(2,1) or (1,2) 


(2,2) 


(3,0) 


(3,1) or (1,3) 


(3,2) or (2,3) 


(4,0) 


^j,k 


1 


v/2 


2 


v/5 


2v^ 


3 


v^ 


v^ 


4 



Table 3.1: 6cl scenario mass spectrum in (l/R) units, neglecting the zero mode mass. 



(A22)" 



R' 



n^ 



m; 



sin (3 



[( 



2 2 

m,- + m 

ti 



t2 



- 2m^2) + 2At{At + 12 cot (3)] 



Similar expressions for (A^)" can be written, with appropriate replacements like rat ^->- t^b, 
cot/3 <-!► tan/9, etc. So, in the absence of any left-right scalar mixing, the KK contribution to 
Am^ is controlled by i?^(m? — m^)/n^ and its higher powers. 



Six-dimensional scenario: For the 6d scenario we follow the compactification on a chiral 
square, as done in [58], which admits zero mode chiral fermions. The two extra spatial coordi- 
nates (1/1,1/2) are compactified on a square of side length L, such that < y^, y"^ < 7iR{= L). 
The boundary condition is the identification of the two pairs of adjacent sides of the squares 
such that the values of a field at two identified points differ by a phase {6) . Nontrivial solutions 
exist when 6 takes four discrete values (n7r/2) for n = 0, 1, 2, 3 and the zero modes appear when 
n = 0. What matters to our calculation in this chapter is the structure of the KK masses, a 
generic pattern of which is given by 



m 



'j,k 



< + 



i?2 



(3.37) 



where j,k are integers such that j > and A; > 0. We display in Table 3.1 the KK mass 
spectrum (neglecting the zero mode mass mg for simplicity of presentation while in the actual 
calculation we do keep it). The formalism we developed for 5d will simply go through for 6d. 
More concretely, the structure of Eqs. (3.34) and (3.35) would remain the same in 6d, only that 
one should now read n =^ {j, k) . The numerical impact in the two cases obviously differ, as we 
shall witness in the next section^. 



3.4 Results 



In this section we explore the consequences of the extra-dimensional contributions to the Higgs 
mass encoded in the exact one-loop expressions in Eq. (3.35). But to start with, to get a 
feel for the numerical impact of the extra dimensions, consider the scenario pared down to 
its bare minimum by assuming that left-right scalar mixing ingredients are vanishing, i.e.. 



H = At = Ab = 
moderate tan/?. 



0. This leads to two degenerate stop squarks: m? = Ms + mf. Then, for a 
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[n^O) 



3m^ {MsRf 



(3.38) 
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Figure 3.1: The variation of uih with m^ in the Sd MSSM for different choices of the supersymmetry 
breaking scale [Ms] and the compactification radius {R). The width of each band corresponds to the 
variation of At and Aj, in the range (0.8 — 1.2)Ms (see text). 

Indeed, non-zero trilinear and fi terms would complicate the expressions, yet Eq. (3.38) pro- 
vides a good intuitive feel for our results displayed through the different plots. The expected 
decoupling of extra-dimensional effects in the 1/R — > cxo limit is transparent in Eq. (3.38), 
leaving the logarithmic dependence on the supersymmetry scale, Ms- 

As stressed already, the primary emphasis in this work is to examine the effect of extra dimen- 
sions on the upper bound of m/^. In 4d supersymmetry it is usual to choose the pseudoscalar 
Higgs mass, m^, as a free parameter and exhibit mh as its function. This has been done for 
the extra-dimensional MSSM models in Figs. 3.1 (5d case) and 3.2 (6d case). Let us discuss 
them in turn. 

In these and the subsequent figures, the parameters involved are chosen as follows: 

(a) IRQ = mu = m£) = Ms, which is a common soft supersymmetry breaking mass. Several 
values of Ms have been chosen in the figures to depict its impact. 

(b) The trilinear scalar couplings At and Aj, are varied in the range [0.8 — 1.2] Ms- This results 
in bands in the figures. We have found that the results are not particularly sensitive to /x and 
we hold it fixed at 200 GeV. Also, sign flips in the trilinear couplings do not change the results. 

(c) The stop and sbottom (zero mode) mass eigenvalues are calculated from the diagonalisation 
of matrices in Eqs. (3.25) and (3.26) after setting the Higgs fields to their VEVs. For a chosen 
value of tan/3 and Ms, those eigenvalues will vary in a range in accord with the variation of At 
and Ah stated above. 

(d) Since we are interested in probing the upper limit of the lightest Higgs, we maximize its 



^Admittedly, the 6d sum is logarithmically sensitive to the cutoff. The low-lying KK states we include reflect 
the dominant contribution to the Higgs mass shift. We thank Anindya Datta for raising the 6d divergence issue. 
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Figure 3.2: As in Fig. 3.1 but for the 6d MSSM. 

tree level mass as much as possible. For displaying our results we have fixed tan/5 
moderate value for which the tree level ruh is almost close to m^. 



10, a 



In Fig. 3.1 we have displayed the result in the m/i-m^ plane for only one extra dimension. The 
dependence of uih on m^ in the MSSM case is mimicked in the extra-dimensional case and nih 
settles at its upper limit for m^ greater than about 150 GeV. In the left panel, Ms has been 
fixed at 500 GeV. As anticipated, larger the value of 1/R smaller is the extra- dimensional 
impact. The 4d MSSM case corresponds to 1/R — * oo. The width of each band refiects the 
variation of the trilinear parameters in the zone mentioned above. For the chosen supersym- 
metry parameters, the maximum value of m/j is a little below 125 GeV for the 4d MSSM case 
while for the extra-dimensional situation it is enhanced to above 135 (130) GeV for 1/R = 600 
GeV (1 TeV). In the right panel, the dependence on Ms is exhibited holding 1/R at 1 TeV. 
Clearly, a larger Ms results in bigger radiative corrections - recall Eq. (3.38) - both from the 
zero mode as well as from the KK modes. 

Fig. 3.2 is a 6d version of Fig. 3.1. While the pure 4d MSSM band remains the same, the KK 
radiative effects are larger now due to the denser KK spectrum in the 6d case, specified by two 
sets of integers j and k, as shown in Table 3.1. Quantitatively, for an 1/R of 600 GeV (1 TeV), 
Hift can now be as heavy as 195 (155) GeV, to be compared with 125 GeV in 4d MSSM for 
these parameter values. 

As mentioned earlier, the current lower bound on m/i of 114.5 GeV excludes low values of tan/5 
in the 4d MSSM. It is expected that in the extra-dimensional scenarios some of this excluded 
range of tan/? will make it into the allowed zone. In Fig. 3.3, we have shown the variation of 
m/i with respect to tan/? (for low values) to illustrate this effect. For the 5d case (left panel), 
1/R of even 1.2 TeV eases the tension somewhat while for 1/R of 600 GeV the effect is very 
prominent. For 6d (right panel), the extra-dimensional contributions are further enhanced and 
the restriction on tan/? is essentially entirely lifted. We should recall that tan/? enters in the 
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Figure 3.3: The dependence of m/i on tan/? (zoomed for the low values) in 5d (left panel) and 6d 
(right panel) MSSM. The width of each band corresponds to the variation of At and A^ in the range 

(0.8 - 1.2)Ms. 

Higgs couplings to other particles and so the above result has significant bearing on collider 
searches of supersymmetry. 
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Figure 3.4: The dependence of m/i on 1/R for different choices of Ms for 5d (left panel) and 6d (right 
panel) cases. The ratio Vg between At{= A(,) and Ms maximises the trilinear contribution. 

So far, we have exhibited results for a few choices of the compactification scale, 1/R. Fig. 3.4 
demonstrates how the KK-induced radiative correction depends on 1/R for the 5d (left panel) 
and 6d (right panel) scenarios. If the Higgs boson is detected at the LHC then using these 
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figures one can gain a handle on 1/ R dependent on the supersymmetry parameters like Ms- 
The decoupling behaviour as 1/ R increases is in agreement with expectation. 

We have also studied, in passing, the possibility that the soft supersymmetry breaking scale 
arises from compactification (e.g. through the Scherk-Schwarz mechanism [56]). Let us suppose 
^s = C/R, where C is an order one dimensionless constant. Since we are interested in weak 
scale supersymmetry breaking, we keep 1/R around a few hundred GeV to a TcV. In this region, 
the radiative correction roughly depends on Ms and R only through their product (= C), and 
for a choice of C G [0.5 — 2.0], the upper limit on the lightest Higgs mass turns out to be in the 
range m^ G (150 - 230) GeV (5d) and (200 - 450) GeV (6d). 

It may bear mentioning again that in these calculations we have retained the loop conntributions 
from the t and b quarks only. The other quarks and gauge bosons make negligible impact. 
Also, we have dealt only with real MSSM parameters and limited our studies up to one-loop 
KK contributions. We have not, therefore, included either the two-loop improvements of the 
4d MSSM calculations or the numerical effects of the phases associated with complex MSSM 
parameters in our discussions (for a recent survey, see [59]). 



3.5 Conclusions 

One of the virtues for which supersymmetry stands out as a leading candidate of physics beyond 
the SM is that it sets an upper bound on the Higgs mass. The lightest neutral Higgs mass, 
m.h, could at most be m.z at the tree level, but is pushed further obeying a definite relation, 
obtained from quantum corrections, involving m.h, m^ and the stop squark mass, mj. The 
sensitivity of this correction to m^ is only logarithmic. Consequently, a firm prediction results, 
namely, that m^ ^ 135 GeV in MSSM for m^ ^ 0{1 TeV). This is regarded as a critical test of 
supersymmetry and is naturally high on the agenda of the upcoming LHC experiments. Here, 
we have probed how much this upper limit could be relaxed, should the MSSM be embedded 
in one (S'^/Z2) or two (T"^ /Z^ extra dimensions. We highlight our main findings: 

1. The KK towers of the top quark and stop squarks provide a positive contribution to m| 
raising it by several tens of GeV. If we ignore left-right scalar mixing and assume moderate 
tan/9 ~ (5 — 10), then using Eq. (3.38) and summing over all the KK modes, we obtain 
Am^(KK) ~ (60 GeV)^ x {MsR^. This is a 5d result. Including the left-right scalar 
mixings, i.e., non-zero fi and trilinear parameters, somewhat enhances the magnitude of 
the correction (see Fig. 3.1). As in the case of 4d MSSM, here too the size of the correction 
is controlled by the large top Yukawa coupling. 

2. If we consider a 6d theory with two extra dimensions compatcified on a chiral square, 
whose motivations have been mentioned earlier, the correction gets sizably enhanced (see 
Fig. 3.2), compared to 5d, due to a denser packing of KK states, which are now fixed by 
two independent KK numbers. 



59 



3. Non-observation of a Higgs boson weighing below 114.5 GeV disfavours low tan/5 in 4d 
MSSM. Some part of this region can be revived by extra-dimensional embedding (see 
Fig. 3.3). 

4. The 4d MSSM relationship between the lightest neutral Higgs mass and the stop squark 
mass is extremely profound in the sense that its specific form does not depend on the su- 
persymmetry breaking mechanism. If supersymmetry is embedded in extra dimension(s) 
and, with some cooperation from Nature, the KK states happen to be light enough to 
mark their imprints on the LHC data recorder, then the relationship between the stop 
mass and the Higgs mass alters in a numerically significant way (see Fig. 3.4). 
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Chapter 4 

Low intermediate scales for 
leptogenesis in supersymmetric SO{10 
grand unified theories 



4.1 Introduction 

An area where the standard model based on the group SU{3)c x SU{2)l x f/(l)y = Qsu 
merits improvement is the origin of parity violation. The most natural extension that ad- 
dresses this issue is the left-right symmetric model in which the gauge group is enlarged to 
SU{?,)c X SU{2)l X SU{2)r x f/(l)(B-L) = Qlr [60]. Here, the left-handed fermions transform 
nontrivially under SU{2)l and are singlet under SU{2)fi, while it is the converse for the right- 
handed (RH) fermions. It is then possible to extend the definition of parity of the Lorentz 
group to all particles and ensure that the theory is invariant under the transformation of par- 
ity. Spontaneous breaking of the group SU{2)ii would trigger violation of parity in the low 
energy theory. It is also possible to break the parity symmetry spontaneously by the vacuum 
expectation value of a gauge singlet scalar field which has odd parity [61]. In either case, parity 
violation at low energy originates from some spontaneous symmetry breaking at high energy. 

Two experimental evidences for the existence of a theory beyond the standard model are the 
baryon asymmetry of the universe observed by the Wilkinson Microwave Anisotropy Probe 
(WMAP) [62] and the light neutrino mass as noted earlier. The see-saw mechanism can explain 
the light neutrino mass while the most viable mechanism to generate the matter antimatter 
asymmetry i.e baryon asymmetry is the baryogenesis via leptogenesis through the sphaleron 
processes. Actually, the tiny neutrino masses could be related with leptogenesis. In the SM 
u is massless, but by the see-saw mechanism with inclusion of a right-handed neutrino or 
triplet Higgs scalar or both one can generate the tiny neutrino mass. The lepton number 
violating decays of the right-handed neutrino or the triplet Higgs scalar at some large scale. 
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on the otherhand, can generate a lepton asymmetry^, which is then converted into a baryon 
asymmetry of the universe. 

As we discussed in sec. 1.6.2 the left-right symmetric extension of the standard model can 
emerge from a Grand Unified Theory based on the gauge group 5*0(10). There are two broad 
classes of minimal 5*0(10) models: those with only doublet Higgs scalars (Model I) and the 
conventional left-right symmetric model including triplet Higgs scalars (Model II). The main 
differences between Models I and II lie in the Higgs scalar that breaks the left-right symmetry 
and the generation of neutrino masses. Lepton number violation in these models arises from 
the Higgs scalars that break the B — L symmetry and hence the left-right symmetry. The origin 
of leptogenesis is also different in these two models. There is a natural mechanism of resonant 
leptogenesis in Model I (see below) while Model II has other advantages. 

In Model I there is an extra singlet fermion, S, that combines with the neutrinos and a new 
type of see-saw mechanism is operational [63]. There are several interesting features associated 
with this. The one relevant here is that the singlet fermions can be almost degenerate with the 
neutrinos, leading to resonant leptogenesis naturally in this scenario [64]. On the otherhand 
Model II is truly a renormalizable high scale SUSY SO(IO) theory of fermion masses and 
mixings. 

From an analysis of gauge coupling unification, we have determined the scale of left-right 
symmetry breaking, which is intimately related to a successful prediction of leptogenesis in 
these models. An apparent obstacle arises in the following form: either these models do not 
allow any intermediate mass scales or the intermediate left-right symmetry breaking scale comes 
out to he large (^ 10^^ GeV). To implement leptogenesis, on the other hand, the left-right 
symmetry breaking scale has to be much lower. We exhibit several alternate possibilities which 
may provide a way out from this impasse. 

The Majorana mass of right-handed neutrinos is given by Mn ~ fvR, where / is the Yukawa 
coupling and vr is the vev given to xR) defined in sec. 1.6.2. The right-handed neutrino mass- 
scale controls leptogenesis as well as light neutrino masses and, in particular, a value around 
10^ GeV or lower is favored by the 'gravitino constraint' discussed below. Since / does not 
affect the experimentally measured charged fermion masses at low energies, one can assign any 
value to it, leaving the left- right symmetry breaking scale unrestricted. However, such a low 
RH neutrino mass is likely to give too large contributions to the left-handed neutrino masses 
through the see-saw mechanism, contradicting experimental observation. The main motivation 
of the see-saw mechanism was to avoid arbitrarily small Yukawa couplings, so we shall assume 
the value of / to be of order unity ^. 

While considering leptogenesis in the minimal supersymmetric 5*0(10) GUTs, the potential 
problem [65] arising from the overclosure of the universe by gravitinos (and its adverse influ- 
ence on the successful Big Bang Nucleosynthesis predictions) must be taken into account. This 



^The decay should satisfy two necessary Sakharov conditions: i) should have enough CP -violation and ii) 
the decay satisfies the out-of-equilibrium condition. 

^Here, for simplicity of discussion, we have considered / to be multiplying a unit matrix in flavor space. The 
RH neutrino masses can also be lowered through small eigenvalues, if / has a non-trivial matrix structure [66] 
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requires the reheating temperature, Tjih, to be less than ~ 10^ GeV. Since leptogenesis takes 
place just below the scale of left-right symmetry breaking, M^ > Tr/^ can make models incon- 
sistent with the above or at least unnatural. However, Model I may still be consistent because 
it offers the alternative of resonant leptogenesis. 

Using renormalization group (RG) equations, in the following sections we examine for both 
Models whether gauge coupling unification at all allows a low left-right symmetry breaking scale 
which would make successful leptogenesis viable. The simplicity of the minimal supersymmetric 
5*0(10) GUT allows several interesting predictions. With some standard assumptions it is 
possible to determine the mass scales involved in the symmetry breaking. Below, we shall 
show that one-loop renormalization group evolution leads to left-right symmetry breaking and 
unification scales, 

M/ ~ 1.3 X 10^^ GeV, Mu^ ~ 2.9 x 10^^ GeV. (4.1) 

Mjj. and Mj} are already very close. But, the situation worsens when two-loop RG contributions 
are included and we find that no intermediate scales are allowed at all below the unification 
scale. All this makes leptogenesis unnatural in this class of models. We suggest some possible 
remedies [67]. 

In this chapter we show how inclusion of GUT-threshold effects, gravitational corrections 
through dim.5 operators, or presence of additional light fields near M^, can lower the in- 
termediate scale, bringing it even to the range of a few TeV in the doublet model. Thus, in this 
model, the gravitino constraint can be easily satisfied leading to successful resonant leptogenesis 
at low scales. In addition, the signatures of right-handed gauge bosons, {Wj^, Zr), and new 
Higgs scalars can be tested at the LHC and ILC. In the triplet model, on the other hand, even 
though the GUT threshold corrections are much larger, we derive a bound on the intermediate 
scale, Mr > 10^ GeV arising out of the requirement of perturbation theory to be valid, due 
to which the scale cannot be reduced further. With this lower bound on Mr the triplet model 
emerges genuinely as a high scale supersymmetric theory for successful description of fermion 
masses and mixings. 

The chapter is organised in the following manner. In sec. 4.1.1 we discuss renormalization group 
equations and origins of threshold and Planck scale effects. Discussing SUSY 5*0(10) model 
and left-right symmetric breaking in sec. 4.1.2 and 4.2 respectively, we will show in sec. 4.3 how 
low intermediate scales are obtained in the doublet model and triplet model. The perturbative 
lower bound on Mn is derived in sec. 4.4. After making brief remarks on fermion masses and 
light scalars in the SUSY 5*0(10) model in sec. 4.5, we summarise the results and state our 
conclusions in sec. 4.6. 



4.1.1 General formulation 

We have already discussed the renormalisation group superficially for the standard model and 
supersymmetric standard model in sec. 1.6.3 and sec. 1.7.1 respectively. Let us first gather 
all the RGE with two loop contributions. We have also mentioned how these equations will 
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change in the presence of some threshold correction or due to the Planck scale effects^. The 
RG equations with one^ intermediate scale, M/j, between Mu and Mz are: 

1 1 aj , Mr ^ , , ^ 

—, r = —, r + — In— ^ + 6^- Ai, 4.2 

1 1 a', , Mu , , (gr) 



+ ^ In — ^ + e' - A' - A 



(4.3) 



where i runs over the different gauge couplings. Let us clarify different notations used in the 
above two equations. In the R.Ii.S. of eqns. (4.2) and (4.3), the second and third terms 
represent one- and two-loop contributions, respectively, with 



aj{M, 



R) 



^l - 


4^Z^-^^-a,{Mz) 


e: = 


1 Vr' In"^'^^^^ 
47r^ '' ajiMn) 


Bij = 


bij 1 o^j 



(4.4) 



The one- and two-loop coefficients (a^, a'j, bij, b'^j) for specific scenarios are given later. Between 
Mz and Mr the indices i,j C Qstd while above Mr one has i,j C Qlr- 

The Aj include SUSY threshold effects and intermediate scale threshold effects at Mr, 

A- = A^"^-* + A^^-* 

while A^ includes the same at the unification scale Mu. They are represented as [68, 69, 70, 7f], 

1 MT b" M- 

Here the indices a, (3 and 7 signify the particle components of S'O(fO) representations spread 
around the SUSY scale Ms, the SU(2)r x U{\)b-l breaking scale Mr, and the S'0(f 0) breaking 
scale Mu, respectively. 

The definition of effective mass parameters at the SUSY scale Ms through the first of eqns. (4.5) 
introduced by Carena, Pokorski and Wagner [68] has been generalised to study GUT-threshold 



^More detail will be given later in sec. 4.3. 

■^Here, we neglect the small logarithmic running between the electroweak scale {Mz) and the SUSY scale 
{Ms) and, in effect, set Ms and Mz to be the same. 
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effects by Langaclcer and Polonsky [70] in SUSY 5*^(5) and in ref. [71] to study intermediate 
breaking in SUSY 5*0(10). The effective mass parameters defined through these relations are 
not arbitrary. Logarithm of each of them is a well defined linear combination of logarithms of 
actual particle masses (heavy or superheavy) spread around the respective thresholds. Hence, 
in principle, it is possible to express them in terms of the parameters of the superpotential. The 
actual relationship would vary from model to model depending upon the type and number of 
representations used in driving the spontaneous symmetry breaking of SUSY 5*0(10) to the 
low energy theory. 

In the absence of unnatural mass spectra, the particles are expected to be a few times heavier or 
lighter than the associated threshold scale which would result in the effective mass parameters 
bearing a similar relationship to that scale. 

The term Af^ represents the effect of dim.5-operators which may be induced at the Planck 
scale as [72, 73], 

A'f^ = - — ,t = BL,2L,2R,3C. (4.6) 

These operators modify the boundary condition at Mu as , 

a2L{Mu){l + e^L) = a2R{Mu){l + esi?) = aBL{Mu){l + cbl) = a3c{Mu){l + esc) = "g- 

(4.7) 

Here, ac = g'^{Mu)/47r is the GUT fine-structure constant. The impact of various contributions 
in eqns. (4.5) and (4.6) in lowering the intermediate scale in SUSY 5*0(10) GUTs will be 
discussed in detail in subsequent sections. 

Using eqns. (4.2) - (4.7) one obtains for the mass scales [71], 

In^ = jj^;^j^^[{ALs-A'Le) + {A'J2-AK,)-^{Ae"-Ae') + {A'J^-AK^)], 

(4.8) 

(4.9) 



Mu 1 „, . 27r 



^""ii^ = ^B^^J^^[iB'Le-BLs) + {BK,-B'J,)-—{B'e'-Be") + iBK^-B'J^)], 



where 
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(4.11) 



4.1.2 The minimal SUSY 50(10) models 

In this subsection we apply the RG evolution detailed above to the specific minimal 5*0(10) 
models keeping only the one- and two-loop contributions in eqns. (4.2) - (4.11). 

The symmetry breaking proceeds through three steps. These are 

• In the first step, the 5*0(10) symmetry is broken at Mjj by the vev of a 210 multiplet. 
As noted earlier, it is chosen to be along the neutral component of {15, 1, 1} under Qps 
which is even under D-parity [61]. Thus, the gauge symmetry is broken to Qlr and, with 
unbroken D-parity, left-right discrete symmetry survives preserving g2L = g2R- 

• In the second step, the breaking is different for the two models. 

1. In Model I (the doublet model), the vev of the neutral component of xr C 16 
which transforms as (1, 1,2, —1) under Q^r breaks SU{2)ji x U{1)b~l -^ U{1)y at 
Mr. The left-handed doublets Xl(1? 2, 1, —1) © Xl(1, 2, 1, 1) and other components 
of Xr{^^ 1) 2, —1) © Xr(1) 1) 2, 1) not absorbed by the RH gauge bosons remain light 
with masses around the intermediate scale Mr- 

2. In Model II (the triplet model) the vev is assigned to the neutral component of 
a field Ar = (1,1,3,2) contained in a 126. In this alternative, the left-handed 
triplets A2,(l, 3, 1, —2) © A^(l, 3, 1, 2) contained in the 126 and 126 as well as other 
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components of Afi{l, 1, 3, —2) © A/j(l, 1, 3, 2) not absorbed by the RH gauge bosons 
remain light and contribute to the gauge couphng evolution from Mr. 

• Finally, the standard doublet Higgs contained in the bi-doublet 0(1, 2, 2, 0) C 10 drives 
the symmetry breaking of Qstd -^ SU{3)cX U{l)em at the electroweak scale. For simplicity, 
in the remainder of this section it is assumed that the supersymmetry scale, Ms, is the 
same as Mz- 

One major difficulty in obtaining the parity conserving Qui intermediate symmetry originates 
from the mass spectra predictions in the triplet model with certain colored Higgs components of 
Gps multiplets in {15, 3, 1} + {15, 1, 3} C 210 being at the Mr scale [74]. We note that a similar 
difficulty also arises in the minimal doublet model unless these states are made superheavy 
through the presence of additional 5*0(10) Higgs representations or non-renormalizable terms 
in the superpotential as discussed in sec. 4.5. Assuming that these additional scalars are made 
superheavy, our RG analysis applies with the minimal particle content between Mz to Mu as 
described above. 

For Model I, the MSSM one- and two-loop beta-function coefficients below the scale (M/j) are 
given by. 
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Above Mr till Mjj the beta-function coefficients are 



/ ^'bl \ 



BL 

^2L 
^2R 



\ «3C / 



/ 9 \ 

2 
2 



bL 



( 23/2 27/2 27/2 8 \ 

9/2 32 3 24 

9/2 3 32 24 

\ 1 9 9 14 / 



.1,3 ^Glr. (4.13) 



Using as{Mz) = 0.1187, a{Mz) = 1/127.9, and sin^ Qw = 0.2312, the one-loop solutions yield 
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(4.14) 



The GUT fine structure constant is ac — 1/24.25. When two-loop contributions are included 
then, as noted earlier, no intermediate symmetry breaking scale is permitted at all. 

For Model II, below Mr the one- and two-loop beta function coefficients are still given by eq. 
(4.12) while between Mr and Mu we have 



/ Orl \ 



BL 

hi 
hR 



\ «3C / 



/ 24 \ 



24 
5 
5 
3 



V-3/ 



^ij 



/ 115 


81 


81 


^ ^ 


27 


73 


3 


24 


27 


3 


73 


24 


V 1 


9 


9 


14 y 



.ij C Glr- 



(4.15) 



68 



In this case, the one-loop evolution results in ^ 

M° = 7.9 X 10^^ GeV , M° = 1.9 x 10^^ GeV, (4.16) 

with the GUT fine structure constant ac — 1/24.00. As in Model I, inclusion of two-loop 
effects disallows any intermediate scale. 

We shall now turn to the implication of this high intermediate left-right symmetry breaking 
in the context of neutrino masses and leptogenesis. Then we will exhibit ways by which the 
difficulties can be evaded. 



4.2 Low scale left-right symmetry breaking 

As noted in the previous section, in the minimal supersymmetric 5*0(10) models the left-right 
symmetry breaking intermediate scale cannot be lower than 10^^ GeV. We shall briefiy illustrate 
the application of Model II for successful explanation of fermion masses and mixings with such 
a high value of Mr- 

In Model II, the left-right symmetry is broken by the vev of the right-handed triplet Higgs 
scalar Ar = (1, 1, 3, 2) C 126. The left-handed triplet Higgs scalar A^ = (1, 3, 1, 2) required by 
left-right symmetry is also present in 126. The bi-doublet Higgs that breaks the electroweak 
symmetry and the Higgs that breaks the 5*0(10) group are = (1,2,2,0) C 10 and $ = 
(1, 1, 1,0) C 210. Since we are concerned with neutrino masses and leptogenesis, consider the 
Yukawa interactions of the left- and right-handed leptons: 

^L=(l) =(1,2,1,-1)C16, 

i^R^(l) =(1,1,2,-1)C16. (4.17) 

The relevant Yukawa couplings are given by 

jCy = f^L^R(l> + IWI^lAl + M^rAu. (4.18) 

In eqn.(4.18), the field ip'^ is the charge conjugation of the field ip defined as 

ij' = Cip*, (4.19) 

where, C = i'~f2lo in the Dirac-Pauli representation. Then the neutrino mass matrix can be 
written as 



^Here, Ms = Mz has been assumed. If Ms is set at 1 TeV, then one finds M% = 5.0 x 10i'"^(1.6 x lO^'"^) GeV 



and M'^ ^ 1.9 x 101^(6.2 x lO^^) GeV, at the one-loop level in Model I (Model II). 
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where, m^ = /(A^); m^ = /(Ar) and rriD = f {(/))■ Generation indices have been suppressed. 
The right-handed neutrinos then remain massive, while the left-handed neutrino masses are 
see-saw suppressed 

rriN = mR, 

fn'n 

m^ = rriL -■ (4.21) 

rriR 

The first term mi = fvi is also naturally small, since 

vl = (Ai) = kv'^/vr. 

With supersymmetry in 5*0(10), k, is model dependent and some fine-tuning of this parameter 
is needed in the triplet model to achieve type II see-saw dominance, successful prediction of 
large neutrino mixings and parameterization of all fermion masses and mixings including CP- 
violation [74, 75, 76, 77]. With asymptotic parity invariance in the high scale theory, the 
gravitino constraint is often ignored in the triplet model [66] . Moreover, the observed smallness 
of neutrino masses may work against bringing the left-right symmetry breaking scale closer to 
10^ - 10^° GeV in the triplet model. 

In Model I, we will explore an alternative approach where, without fine-tuning of the Yukawa 
couplings of the see-saw formula, the left-right symmetry breaking scale can be sufficiently low- 
ered to meet the requirements of resonant leptogenesis while satisfying the gravitino constraint 
and maintaining consistency with experimentally observed small values of neutrino masses. 

As discussed in subsequent sections, both the 5*0(10) representations 210 and 54 are necessary 
to break 5*0(10) -^ Qlr in Model I as well as in Model II, to prevent certain undesirable scalar 
components of 210 being lighter than the GUT scale and upsetting successful gauge coupling 
unification. 

In Model I, neutrino masses arise from the Yukawa Lagrangian: 

i^Y = f^L^R<P + y (^lSxl + ^rSxr) + MS^S + H.c. (4.22) 

where Xl{^i 2, 1, —1) and X-r(I) Ij 2, — 1) are in the 16 dimensional Higgs representation, is in 
a 10, and 5* stands for 5*0(10) singlets, of which there are three. 

The left-handed neutrinos v^ and the right-handed neutrinos N = vr now mix with the new 
singlet fermions 5* through the mass matrix: 

mo yvL 
M,= {u N^ S)^\ mo yvR \ \ N' \ . (4.23) 

yvL yvR M 

Here the Dirac neutrino mass, rriD, the Yukawa coupling, y, and the singlet fermion mass, M, 
are 3x3 matrices. Light left-handed neutrino masses matching the experimental data arise 
from this mass matrix through the double see-saw and type III see-saw mechanisms, as has been 
widely discussed in the literature [63, 78, 79]. The model gives desired values of neutrino masses 
even for low left-right symmetry breaking scales without fine-tuning of the Yukawa couplings. 
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4.3 Different techinques to achieve low intermediate 
scale 

We have advanced the following possibilities which may lead to left-right symmetry breaking 
at energies much lower than in the the minimal models: 

• Threshold Correction: In the conventional analysis, one assumes that different states 
within a GUT multiplet have the same mass. This is not exact and small splittings 
usually do arise. The threshold effect due to a superheavy mass state contributes to a 
small log at one-loop level; but in 5*0(10) where big-sized representations like 210 or 
126 -|- 126 or both are used, the one- loop contributions by a large number of superheavy 
components lead to substantial modification of the gauge couplings near the GUT scale. 
Both the doublet and the triplet 5*0(10) models belong to this category. Thus threshold 
effects in each of them might significantly change the allowed values of M^ obtained from 
the unification constraint. 

• Non-renorniahzable interactions at the Planck scale: Since the unification scale is close 
to the scale of quantum gravity, there may arise gauge invariant but non-renormalizable 
interaction terms in the Lagrangian suppressed by inverse powers of the Planck scale or 
a string compactification scale. They affect the gauge coupling values at the GUT scale 
and change the predictions of the minimal models. 

• Additional light Gelds: If there are any additional light multiplets in the theory, they can 
modify the evolution of the gauge couplings and can allow a lowered Mr. 

In the following, we have given details of these possibilities and shown that with each of them 
it is possible to get lower scale left-right symmetry breaking which in some cases could even be 
low enough to be within striking range of the LHC/ILC. 



4.3.1 Threshold effects 

Conventionally, superheavy GUT multiplets are considered to be degenerate. In general, how- 
ever, the members of a representation could possess somewhat different masses spread around 
the GUT scale giving rise to sizable modifications of the gauge coupling constant predictions 
and the mass scales via threshold effects [80, 81, 82]. In the absence of precise information 
of the actual values of these masses, one may assume that all the components of a particular 
submultiplet are degenerate, but different submultiplets have masses that are spread closely 
around the scale of symmetry breaking [81]. In an alternate method, one introduces a set of 
effective mass parameters to capture the threshold effects [68]. Such an approach has been used 
at the SUSY SU{5) scale to examine uncertainties in the GUT model predictions [70]. This 
procedure is extended here to the Q^ji symmetry breaking scale in the form of eq. (4.5) [71]. 
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Below, we examine to what extent threshold corrections could lower the scale of left-right sym- 
metry breaking. We assume all superheavy gauge bosons to possess degenerate masses identical 
to the unification scale Mu. 



Model I: For the particle content of Model 1, from eq. (4.10) one obtains 
A = B = 14/3, A' = 18, B' = 2, AB' - A'B = -224/3, 



(4.24) 



Using these, one has from eqns. (4.8), (4.9), and (4.11) the following expressions for threshold 
corrections on Mr and Mu: 
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(4.25) 



The quantities appearing on the RHS of eq. (4.25) are readily calculated using eq. (4.5), given 
the superheavy components of 210 © 16 © 16 © 10. In this manner one gets [71], 
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(4.26) 



leading to 
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(4.27) 



The pair of equations in (4.27) provide enough room to find solutions which will lead to a 
significant lowering of the scale Mr while keeping Mu within the Planck scale ®. 



As an illustration, one can consider a one parameter solution satisfying: 

Mu Mu M2 



Ml M3 



Mu 



V 



(4.28) 



One finds from eq. (4.27) 



A In 



M, 



R 



M. 



-30.42 In r], A In 



M 



u 



M. 



15.71 ln?7 . 



°One must also ensure that the ratios 
ought not exceed the Planck mass. 



Mu ■ 



(4.29) 



1,2,3 lie within an appropriate range, say 0.1 to 10, and 
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Note that, in the absence of threshold corrections, at the two-loop level In ;^ = 33.178 and 
In^ = 32.916. To ensure that Mc7 < M„ = 1.2x10^9 GeV one must satisfy ('aIu^') < 6.24. 

Thus, from eq. (4.29) r] < 1.48 leading to [aIu^) > -12.07 implying 



ui 



Mr > 1.0 X 10^' GeV, Mn < 1.2 x lO^'' GeV. 



u 



19 



(4.30) 



Mr 

(GeV) 


Mu 
(GeV) 


Ml 
Mu 


M2 

Mu 


M:i 
Mu 


-c' 


W 


1.2 X 10^9 


(lAsr 


1.48 


(1.48)-^ 


23.7 


10^ 


W 


0.272 


1.770 


0.831 


23.7 


10^ 


lO^s 


0.158 


1.950 


0.832 


23.7 


10^ 


5 X 10^6 


0.151 


2.750 


1.524 


27.7 


10^ 


5 X 10^^ 


0.180 


3.30 


1.076 


26.7 


10=^ 


1019 


0.154 


4.760 


1.301 


28.7 



Table 4.1: Examples of low intermediate scale, Mr, coupling constant unification solutions triggered by 
GUT-scale threshold effects in Model I (the doublet model). 



This simple example implies that with one parameter t], Mr lower than that given in eq. (4.30) 
corresponds to unification scales higher than the Planck mass. Even this bound on Mr can 
be further lowered by one order when smaller threshold effects from lower scales [69, 83] are 
included leading to Mr ~ 10^° GeV with near Planck scale grand unification in the minimal 
doublet model. In principle, there are three distinct mass scales Mj,i = 1,2,3, that enter in 
the threshold corrections, see eq. (4.27), and there is much more flexibility to further lower 
Mr. We return to such solutions later. 

It is interesting to examine how gauge coupling constants are matched by threshold corrections 
to reach their common unification value in spite of such substantial changes in both the mass 
scales. Using eq. (4.5) and eq. (4.26), for rj = 1.48 the GUT-threshold corrections for individual 
couplings are [71] 



A', 



BL 



25 , w 53 
\nr] = -3.16, A^l = tt 

TV ZTT 



Inr] = 3.35, A, 



3C 



28 
lnr7 = -3.54. (4.31) 

TT 



The gauge couplings extrapolated from Mz to Mr = 10^^ GeV are. 



a 



BL 



1{Mr) = 53.4, a-l{MR) = 26.3, a-^,{MR) = 18.4. 



(4.32) 



With GUT-threshold effects, the one loop-evolution of the coupling constants from Mr to the 
new value of Mu, 
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(4.33) 
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Then using eq. (4.27) - eq. (4.32) in eq. (4.33), 

' 23.1, ' 



asdMu) 



a2L{Mu 



23.5, 



a3c(M( 



23.7. 



(4.34) 



u) 



The one parameter solution has the virtue of simphcity. However, as noted earher, in eq. (4.27) 
- see also eq. (4.5) - three distinct mass scales Mj, i = 1, 2, 3, are, in general, required to capture 
the effect of the threshold corrections at the unification scale. Table 4.1 depicts a whole set of 
such solutions. For every solution, the effective mass splittings are within a tolerable range and 
the unification scale has been increased by the threshold corrections. The value of the unified 
gauge coupling is also shown. 

Model II: The threshold effect analysis for Model II (the triplet model) can be carried out 
along the same lines as in Model I. Thus, from eq. (4.10) one finds: 



A = 34, 
In place of eq. (4.25) one now has 
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The one-loop beta-function coefficients from Model II required for an evaluation of the RHS 



are: 
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(4.37) 



Thus, from the superheavy components of 210 © 126 © 126 © 10 one gets [71]: 
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(4.38) 



Eqns. (4.38) depend, as in the case of Model I, on the three mass scales Mj, i = 1, 2, 3 which can 
be chosen appropriately to ensure a solution with a low intermediate scale Mr. A few typical 
examples are presented in Table 4.2. It is noteworthy that the gauge coupling at unification is 
larger for these solutions than for the ones in Table 4.1. 

Before moving on, let us remark that in many of the threshold effect driven solutions in Model 
I the unification scale is pushed to higher values. It is well known that suppression of Higgsino 

mediated supersymmetric proton decay modes like p -^ K^V, p -^ K^fi~^ etc. 

^2 



IS a generic 
problem in minimal SUSY GUTs and the amplitudes are proportional to M^'^. The higher 
unification scales help to evade this problem in a natural and effective fashion with a suppression 
factor (^)2 = 10-2 - 10-^ 
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Mr 

(GeV) 


Mu 
(GeV) 


Mu 


Mo 
Mu 


Mu 


-o' 


5x 10^ 
10^0 
10" 


1.58 X 10^6 
1.58 X 10^^ 
1.58 X 10^6 


2.204 
2.065 
1.661 


1.200 
1.160 
1.050 


0.659 
0.659 
0.656 


15.0 
15.0 
15.0 



Table 4.2: Examples of low intermediate scale, Mr, coupling constant unification solutions triggered by 
GUT-scale threshold effects in Model II (the triplet model). 



4.3.2 Planck scale effects 

Since the GUT scale is close to the Planck mass, it is possible that gravity induced non- 
renormalizable terms could change the usual field theoretic predictions of gauge coupling unifi- 
cation. These interactions are suppressed by inverse powers of the Planck mass. For example, 
consider the gauge invariant Lagrangian consisting of the dim. 5 non-renormalizable operators 
(NRO), 
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(4.39) 
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The effective gauge coupling constants at the unification point get changed due to these non- 
renormalizable terms. In particular, these interactions determine the parameters in eq. (4.7) 
and one finds [72, 73], 
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(4.40) 



leading to the following analytic expressions for the corrections on the mass scales, 
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While the change in the mass scales are governed by the above relations the individual coupling 
constants near the GUT scale change as. 
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Mr 


Mu 


Vi 


V2 


-a' 


(GeV) 


(GeV) 








109 


3.16 X lO^s 


0.305 


0.96 


25.00 


10^ 


3.16 X 10^^ 


0.494 


1.16 


25.64 


10^ 


8 X 10^^ 


2.728 


4.77 


25.32 


10^ 


3.16 X lO^s 


0.671 


1.34 


25.32 



Table 4.3: Sample coupling constant unification solutions with low intermediate scales, Mr, obtained for 
Model I (the doublet model) through Planck scale induced interactions parameterized by 771 and 772 (see 
text). 



Using the most natural scale for the two NRO's as the Planck mass, Mq = 1.2 x 10^^ GeV, and 
eq. (4.40) - eq. (4.42) we searched for gravity corrected solutions for low intermediate mass 
scale and high GUT scale with the constraint 1 771^2 1 — 0(1). 
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For example with ci = 0.15, €2 = 0.174, Mq = Mpi, we have Mr = W GeV and Mu = 10 
GeV, corresponding to r/i = 0.494 and 772 = 1.160. The corrections to the coupling constants 



are obtained through A 
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-11.47, A 
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6.52, and A^^^^ 



0.6 . When these are added 



to one-loop extrapolated values from Mz to Mjj (= 10^^''* GeV), the three coupling constants 
match consistently with their common value a^^ ~ 25. All solutions with high unification scales 
require |?7i^2| — 0{1) as shown in Table 4.3. Thus, dim.5 operators are capable of lowering the 
left-right symmetry breaking scale to Mr = 10^ — 10^ GeV, making Model I consistent with 
large neutrino mixing and leptogenesis when the minimal doublet model is supplemented by 
the addition of a 54. 

We find that high values of Mjj ^ 10^^ GeV require smaller 771^2 — 0(1) while a lower Mu ~ 
10^^ GeV requires unnaturally larger values of the parameters. The preferred solutions with 
naturally large values of Mu exhibit the virtue of suppression of Higgsino mediated proton 
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We now extend the triplet model by the addition of a Higgs representation 54 and including 
the effects of the two non-renormalizable operators of eq. (4.39). The changes in the mass 
scales are given by 
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(4.43) 



Unlike for the doublet model, we find that gravitational corrections alone do not succeed in 
substantially reducing the Mr scale. This behaviour of the triplet model can be understood in 
terms of the larger Higgs representations - 126 and 126 - involved and the consequent tension 
with perturbativity (see Sec. 4. 4). 
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4.3.3 Doublet model with additional light multiplets 

The third and final alternative that we discuss for obtaining a low intermediate scale in Model 
I is through additional light chiral submultiplets. We find that if there are appropriate light 
states in the particle spectrum then the unification of gauge couplings is consistent with a 
significant lowering of Mr. 

In earlier work attempts have been made to obtain intermediate scales much lower than the 
GUT scale by spontaneous breaking of SUSY 5*0(10) in the first step and the gauge group Qlr 
in the second step with or without [84] left-right discrete symmetry. The crucial point of this 
chapter is that we require the left-right symmetric gauge group with g2L = g2R to survive to 
low intermediate scales in order to evade the gravitino problem and at the same time obtain 
low mass W^ gauge bosons to possibly even provide testable signals at collider energies in the 
near future. 

We present below two models which meet these requirements. The models are identical up 
till the scale M/j and consist of the MSSM particles. They differ in the number and type of 
additional chiral multiplets which contribute in the range Mr to M^/. In this subsection, we 
choose to distinguish between the SUSY scale, Ms (which is chosen at 1 TeV), and Mz- The 
RG evolution of the couplings from Mz to Ms is governed by the one- and two-loop coefficients: 
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(4.44) 



while from Ms to the scale Mr eq. (4.12) is applicable. In eq.(4.44) the beta- function coeffi- 
cients have been derived assuming two light doublets in the nonSUSY model below Ms which 
emerges naturally from the MSSM existing above Ms- 



Model A: In addition to the MSSM particles, we assume that supermultiplets with the fol- 
lowing gauge quantum numbers are light with masses at the Mr scale: 



a(3, 1, 1, 4/3) ©a(3,l, 1,-4/3) C 45,210, 
r/(l,l,l,2)©ry(l,l,l,-2) C 120. 



(4.45) 



The one- and two-loop coefficients including these fields are. 
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At two-loop level the evolution of gauge couplings and their unification have been shown in Fig. 
4.1 for Mr = lO'' GeV. Some sample solutions to the RGBs for gauge couplings with allowed 
values of Mr, Mu and the GUT fine structure constant (ac) are presented in Table 4.4. We 
find that with the grand unification scale Mu = 2 x 10^^ GeV, an intermediate scale in the 
range of Mr = 5 TeV - 10^*^ GeV is possible in this model with excellent unification of the 
gauge couplings. In spite of the presence of additional fields, the gauge couplings at the GUT 
scale remain perturbative in a manner similar to the minimal GUT with a^^ = 22.22 — 20.40. 

Model B: In addition to the MSSM particles we assume that there are additional superfields 
with their masses at the Mr scale which transform as: 

e(6,l, 1,4/3)0^(6,1, 1,-4/3,) C 54, 

r7(l,l,l,2)©rj(l,l,l,-2) C 120, 

C(l,2,2,0) C 10,120,126, 

Di(l,3,l,0)©D^(l,l,3,0) C 45,210, (4.48) 



where we have used a pair of C(l, 2, 2, 0). 

The one- and two-loop coefficients in this scenario are 



/ a'sL \ 



BL 



\ «3C / 



/20\ 

6 

6 
V 2 / 



(4.49) 



b' 



V 



( 305/6 27/2 27/2 344/3 \ 

9/2 70 9 24 

9/2 9 70 24 

\ 43/3 9 9 332/3 / 



,j = BL,2L,2R,3C. 



(4.50) 



Model 


Mr 

(GeV) 


Mu 
(GeV) 


-c' 


A 


109 
10^ 
10^ 


1.15 X 10^'^ 
1.10 X 10^6 


22.22 
20.83 
20.40 


B 


109 

10^ 


1.82 X 10^6 
2.00 X 10^6 


7.58 
10.13 



Table 4.4: Sample coupling constant unification solutions for low intermediate scales, Mr, in two models 
with additional light multiplets at the intermediate scale (see text). 



Gauge coupling evolution and unification in this case is shown in Fig. 4.1 for an example with 
Mr = 10^ GeV. A couple of sample solutions with Mr which satisfy the gravitino constraint 
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Figure 4.1: Evolution of the gauge couplings in models with additional light multiplets. The left- (right-) 
panel corresponds to Model A (Model B). 

are presented in Table 4.4. For this alternative, the intermediate scales are typically in the 
range of Mji = 10^ GeV - 10^*^ GeV. A very precise unification of the gauge couplings has been 
found when further small SUSY threshold effects at the TeV scale are taken into account [69]. 
Because of these effects, the resulting gauge couplings show small discontinuities at Ms = 10^ 
GeV as shown in the Fig. 4.1 for Model B. The gauge couplings near the GUT scale approach 
strong coupling {ac ~ 0.1) as shown in Table 4.4 and Fig. 4.1. 

We show in the next section that the intermediate scale in the triplet model has a lower bound 
at 10^ GeV which is expected to be increased by additional Higgs scalars at the Mr scale. 

From the above two examples and earlier investigations it is clear that right-handed mass scales 
as low as M/j = 5 TeV —10^'^ GeV are viable when additional light chiral multiplets at the 
Mji scale are admitted. As already noted, such low scales are necessary for the successful 
implementation of leptogenesis in the doublet model (Model I). Obviously, these models may 
have interesting new signatures at LHC and future collider experiments. It is noteworthy that 
all the light multiplets exploited in the two models are contained in 5*0(10) representations 
which have been invoked in the literature anyway for various purposes. 



4.4 Lower bound on intermediate scale in the triplet 
model 



As pointed out earlier, the higher dimensional Higgs representations like 210 and/or 126 -|- 126 
result in large threshold corrections at the GUT scale even if their superheavy components are 
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only few times heavier or lighter than M^/. In this respect, threshold corrections in the triplet 
model with 126 + 126 are more significant compared to those in the doublet model which uses 
16 + 16. Normally, one would therefore expect to obtain lower Mji in the former model. 

In this section we show that this is not true and, in fact, establish that M^ cannot be lower 
than 10^ GeV in the triplet model. This lower bound is set by the perturbative renormalization 
group constraint when parity survives in the left-right gauge group as happens in the case of 
Qcn- As the GUT threshold effects contribute only at the unification scale, we use the two-loop 
equation for ubl between M^ and Mjj with the corresponding coefficients given in eq. (4.12) 
and eq. (4.15). It is seen that if Mr < 10^ GeV, asL exceeds the perturbative limit (~ 1) 
before the GUT scale is reached. 

Analytically, this behavior of the gauge coupling becomes transparent by noting that the posi- 
tion of the Landau pole (/io), where gsLif^o) = oo, is given by. 
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Using eq. (4.52) we calculate a~^\{MR) for Mr = 10'^ GeV to 10^^ GeV from low energy data 
ignoring the small threshold effect due to superpartners and use them in eq. (4.51) to estimate 
the value of /xq- Our two-loop estimations of the pole position are shown in Table 4.5 for the 
triplet model with a'^^ = 24. The two-loop corrections predict slightly lower values of //.q than 
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c^bUMr) 
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(GeV) 




(GeV) 


10^ 


97.429 


7.76 X lOi''^ 


10^ 


86.407 


4.56 X 10^^ 


10^ 


75.406 


2.56 X 10^5 


10^ 


69.907 


6.16 X 10^5 


10^ 


64.409 


1.44 X 10^6 


IQio 


58.912 


3.46 X 10^6 


W 


53.415 


8.31 X 10^6 



Table 4.5: Location of Landau poles, ^o. signifying violation of perturbativity, for different choices of the 
intermediate scale Mr in the triplet model. 

eq. (4.51). For intermediate scales Mr = 1 TeV to 10^ GeV, the pole positions are found in 
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the range 7.76 x 10^^ GeV to 1.44 x 10^^ GeV indicating that for the U{1)bl gauge couphng 
perturbation theory breaks down below the GUT scale for these values of M/j. When M^ > 10^° 

GeV, the pole positions occur clearly above the GUT scale with /iq > 3.46 x 10^^ GeV. In other 

words, with only the minimal particle content needed to maintain supersymmetry and left-right 
symmetry below the GUT scale, from the requirement of perturbativity the triplet model leads 
to the conservative lower bond on the intermediate scale, 

Mr > 10^ GeV. (4.53) 

Inclusion of additional new scalar degrees of freedom anywhere between Mr to Mjj would 
increase the one-loop beta-function coefficient of the U{1)b-l gauge coupling and bring down 
the pole position further. This, in turn, would further tighten the lower bound on Mr beyond 
10^ GeV. This is why, unlike in the doublet model, the presence of additional light scalars near 
Mr cannot reduce the value of the intermediate scale in the triplet model. 

In contrast to the triplet model for which a'^^ = 24, the doublet model has a'^j^ = 9 which 
enhances the argument of the exponential on the RHS of eq. (4.51) by a factor ^ 24/9 = 2.66 
compared to the triplet model for the same value of Mr. Such a factor in the argument pushes 
the Landau pole to a position much above the GUT scale. Thus, even with Mr = 1 TeV, 
whereas the triplet model pole position is at /iq — 1.18 x 10^'^ GeV which is approximately two 
orders below the GUT scale, in the the doublet model the pole occurs at /iq — 3.3 x 10^^ GeV. 
Although this latter scale for the doublet model is expected to be substantially lower because 
of the contribution of superheavy particles near the GUT scale, it is clear that the coupling 
constant never hits a Landau pole below the GUT-Planck scales ~ 10^^ GeV. This tallies with 
the results in sec. 4.3 where solutions have been obtained using threshold and gravitational 
corrections. 

With such a lower bound on Mr in the triplet model, this version of SUSY 5*0(10) rightly 
deserves its description as a high scale theory. The SUSY 5*0(10) triplet model appears to fit 
ideally for description of quark-lepton masses and mixings through high-scale 6 — r unification 
and type II see-saw dominance or even through type I see-saw mechanism [75, 77, 85] . 

Since Mr > 10^ GeV in the triplet model, the lightest right-handed neutrino mass could satisfy 

the gravitino constraint, but in this case generating the quark and lepton masses and mixings 
has to be re-examined. While a detailed analysis of neutrino data is yet to emerge in the 
doublet model, it is well known that reproducing small neutrino masses is no problem even if 
the right-handed neutrinos are near the TeV scale. With such a low value of Mr the desired 
criteria of TeV scale resonant leptogenesis is fulfilled and through the Wj^ and Zr bosons and 
the light Higgs scalars, Xl? Xl^ X%i and x^j? the model can be tested at the LHC and ILC. The 
superpartner of the lightest right-handed neutrino in the doublet model may also be a good 
candidate for dark matter. 



4.5 Remarks on light scalar s and fermion masses in min- 
imal 50(10) 

One of the most appealing features of the minimal supersymmetric 5*0 (10) model is that one 
can calculate the pattern of symmetry breaking and predict fermion mass relations at the GUT 
scale [86]. Concomitant with these, in the minimal model, is an intermediate left-right breaking 
scale, Mr, constrained to be rather close to the GUT scale Mu. Gan the virtues of the model 
be made to survive when Mr is lowered? 

Let us briefly summarize the salient features with reference to Model 11. The Higgs flelds are: 



$ = 210, S = 126, S = 126, H = 10, 

where ^l,r C S and (p G H. The fermions belong to the representation \E' = 16. The complete 
superpotential of the model can then be written as 

W = Wy + Wh, (4.54) 

where the Yukawa couplings are in Wy and the scalar potential can be derived from Wh- They 
can be written as (we follow the notations of ref. [74]) 

Wh = ^$$ + -<l>$<l' + — SS + ^$SE 
4! 4! 5! 4! 

+mHHH + j^<l>H (aS + /3S). (4.55) 

As usual, minimization of the scalar potential gives the allowed values of the vev of the different 
flelds. In addition, fermion mass relations are also determined in terms of the parameters of 
the model. 

It may appear that the solutions presented earlier with lowered left-right symmetry breaking 
scales are in conflict with results on fermion masses. However, this need not be the case. For 
example, when gravitational corrections are included, there may well be non-renormalizable 
terms in the superpotential, suppressed by the Planck scale, which can contribute to the Yukawa 
couplings after the GUT symmetry breaking by the fleld $. Thus, in the presence of such 
corrections, the superpotential will have to be supplemented by 

W^ = -^{Y^^^H<I> + Yg^^^m) + ■■■. (4.56) 

Mpi 

These new interactions will be suppressed by {^)/Mpi. But ($) ~ Mu is close to the Planck 
scale, as we have illustrated, and hence the suppression need not be too much. In addition, the 
non-renormalizable couplings V-^ could also be large. Then the fermion mass relations obtained 
for the minimal supersymmetric 5*0(10) models could be radically affected. Fermion mass 
relations can also get changed in the presence of new Higgs scalars. Thus the low intermediate 
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mass scales, M/j, obtained in the present analysis need not be inconsistent with the fermion 
mass relations. 

At the tree level, the minimal triplet model predicts [74] masses near Mr for additional states 
belonging to 210 with the quantum numbers 

Ei(3, 3,1, 4/3) ©Ei(3, 3, 1,-4/3), 

Er{2,, 1, 3, 4/3) © Er(3, 1, 3, -4/3). (4.57) 

We have checked that with the minimal Higgs content, the renormalizable doublet model also 
leads to similar light Higgs scalars. It has been further noted in ref. [74] that these states 
prevent having parity conserving Q^r at any value of the intermediate scale below Mjj. We 
remark that their presence at Mr sufficiently lower than Mjj, apart from being in conflict 
with siv? 6w{,Mz) and as{Mz), spoils perturbative gauge coupling evolutions by developing 
Landau poles in the coupling constants in the region Mr < h < Mu- This difficulty could 
be avoided ^ by extensions of the minimal doublet or the triplet model through the inclusion 
of non- renormalizable operators and/or additional 5*0(10) Higgs representations, like 54. For 
example, the presence of the non-renormalizable term in the superpotential 

W = — <l>^ 

'' A\Mg ' 

with Mg = Mpi, or (string) compactification scale, can lift the masses of these light scalars 
close to the GUT scale when the 210 gets vev along the direction ($°{15, 1,1}) ~ Mjj, 
leading to Me = 2\^m\/\^MG- Then their contributions are added to GUT-threshold effects, 
as discussed earlier. 



4.6 Summary and conclusion 

In this chapter we have discussed the question of low intermediate left-right symmetry break- 
ing scales, as preferred by leptogenesis, in the minimal supersymmetric 5*0(10) GUTs with 
only doublet Higgs scalars as well as with triplet scalars. In view of the presence of additional 
scalar components predicted from mass spectra analysis [74] which disrupt perturbativity and 
gauge coupling unification, the minimal renormalizable triplet model with Higgs representa- 
tions 210 © 126 © 126 © 10 is ruled out as a candidate for any value of left-right symmetry 
breaking intermediate scale. With the added presence of a Higgs representation 54 and/or 
non-renormalizable interactions, these unwanted scalar components are made superheavy and 
we find, in agreement with previous work, that in the minimal models, at the one-loop level 
gauge coupling unification requires the scale of left-right symmetry breaking to be close to 
the GUT scale ^ . Inclusion of the two-loop contributions eliminates even this possibility as 



''These states represent pseudo-Goldstone bosons and may also acquire masses near the Mu scale through 
loops. 

*Here it has been assumed that the light scalar components in {15,3, 1} ® {15, 1,3} C 210, emerging from 
mass spectra predictions, are made superheavy. This is possible if, for example, the minimal models are extended 
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no solution can be found at all with an intermediate scale. On the other hand, evading the 
gravitino problem, which would otherwise plague successful big bang nucleosynthesis, would 
require Mr < 10^ GeV. We have pointed out that this impasse can be circumvented in the case 
of the doublet model by including threshold corrections near the GUT scale, including non- 
renormalizable interactions due to gravity induced Planck scale effects, or by adding new light 
scalar multiplets. In the last alternative, the additional light submultiplets used are present 
in representations commonly used in 5*0(10) non-minimal models, but they are different from 
those which emerge from mass spectra analysis [74]. These considerations allow the left-right 
symmetry breaking scale to be low, as low as even a few TeV, making it phenomenologically in- 
teresting. The unification scale obtained in the doublet model using the first two methods turns 
out to be large, making it safe for Higgsino mediated proton decay as well as with fermion mass 
relations. In the triplet model, although threshold effects can easily decrease the intermediate 
scale, we find a perturbative lower bound, Mr > 10^ GeV, below which the intermediate scale 
cannot be lowered. With this bound, the triplet model with an added 54 and/or nonrenor- 
malizable interactions emerges as a high scale theory of SUSY 5*0(10) description of fermion 
masses and mixings. In this model the possibility of meeting the gravitino constraint can be 
fulfilled provided neutrino masses and mixings are successfully reproduced with M^ > 10^ GeV. 

With Mfi in the TeV region in the doublet model, apart from successful resonant leptogenesis 
with full compliance of the gravitino constraint, the model predictions can be tested through 
their various manifestations at the LHC and ILC. 



by the addition of a Higgs representation 54 in each case. But the situation would be worse still in both the 
models if the scalar components remain light in the absence of 54 or suitable nonrenormalizable terms in the 
superpotential. 
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Chapter 5 

SU{6)^ Triquark states, and the 
pentaquark 



5.1 Introduction 

Since long, baryon spectroscopy has been an arena to learn about low-energy quantum chro- 
modynamics. The purported observation of a narrow baryon state of strangeness +1 at a mass 
around 1540 MeV, Q'^, by several experiments [87] brought renewed attention to this theatre. 
The evidence in support of this new state is now of conflicting nature, loaded more in the direc- 
tion of non-observation [88, 89]. Within the quark picture, the positive strangeness (= s) of the 
0"*" baryon puts it in an exotic category and entails an interpretation in terms of a minimum 
of four quarks and an antiquark - a pentaquark state (ududs). 

Soon after, three other states which also demand a pentaquark classification were also observed. 
These are the S {dsdsu) and E'^{dsusd) both at 1862 MeV [90] and the T^'^iududc) [91] with 
mass 3099 MeV. 

Though exotic states such as the pentaquark have a long history, particular attention was drawn 
to a possible 0"'"-like state in the SU{'i) version of the chiral soliton model [92]. Subsequently, 
the experimental results have stimulated the exploration of many ideas, e.g., quark clusters, 
colour hyperfine interactions, Goldstone boson exchange, QCD sum rules, lattice methods, etc., 
which have been reviewed in the literature [93]. 

For the O"*", within the quark model framework, two models [94, 95] have achieved special 
prominence. It is convenient to discuss these using the language of SU{'o) of colour-spin, S't/(3) 
of colour, and SU{2) of spin. Thus, for example, a quark transforms as (6,3,2), where the three 
integers within the parentheses identify the representations of the above SU{'o), SU{3), and 
SU{2), respectively. To avoid cluttering, the flavour SU{3) structure is not explicitly shown. 
Our interest will be on the triquark state which is an ingredient of the Karliner-Lipkin model 
[94]. 
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An alternative possibility is the Jaffe-Wilczek (JW) model [95]. Here the four quarks are 
assumed to form two diquark clusters, each in the (21, 3, 1) representation. Of the four possible 
combinations for a two-quark cluster - (21,6,3), (15,6,1), (15, 3, 3), (21, 3, 1) - this is the one of 
the lowest energy. The two diquark clusters and the remaining antiquark - each one of which 
is in colour 3 - combine to form the colour singlet pentaquark state {qq){qq){q), e.g., 0+ = 
{ud){ud){s). A relative orbital angular momentum, L=l, is assumed between the diquarks; 
this is in tune with the observed narrow width of the state. Another consequence is that the 
pentaquark parity is predicted to be positive. Note that the colour-spin symmetric nature of 
the (21,3,1) diquark requires it to be antisymmetric, 3, in flavour to satisfy the generalized 
Pauli principle. The two diquarks (colour 3 bosons) combine to form colour 3 to match up with 
the antiquark. This, and L=l, requires the combination to be in a flavour symmetric 6 state. 
The overall pentaquark flavour must be in 6 3 = 8 -|- 10. The quantum numbers of Q~^ can 
be accommodated only in the 10. 

In the Karliner-Lipkin (KL) model the quark clustering is different. Here, it is postulated 
that there is one diquark cluster with the same quantum numbers as in the JW model. The 
difference is that the remaining two quarks and the antiquark are assumed to form a triquark 
cluster (qqq) with the quantum numbers (6,3,2) which is in a flavour 6. The pentaquark state 
is the colour singlet (qq) (qqq) combination. To explain the narrowness of the observed states, a 
relative orbital angular momentum, L=l, is postulated between the clusters so that the parity 
of the state is predicted to be positive in this model as well. The flavour structure of the states 
is the same as in the JW model. 

In this work, we set two goals. First, we take a detailed look at the group theoretic properties 
of the triquark state. We derive expressions for the SU{6) unitary scalar factors and Racah 
coefficients related to the Clebsch-Gordan coefficients relevant for this state [96]. Second, we 
use these results to estimate masses for pentaquark states. We indicate how flavour symmetry 
breaking may be incorporated in the analysis. 

In the next section we present the SU{6) unitary scalar factors and Racah coefficients, which 
have been derived ab initio. In section 5.3 we recall the nature of the colour-spin hyperflne 
interaction while in the following section we use it to estimate the hyperflne energies for baryons, 
mesons, diquarks, and triquarks. In section 5.5 the different threads are brought together for 
estimating pentaquark masses. In section 5.6 we discuss the results. We end in section 5.7 with 
our conclusions. 



5.2 Some group-theoretic results 

In this section, we collect some results about 5*^(6) unitary scalar factors and Racah-like 
coefficients which will be useful for the subsequent discussion. Though our motivation in 
obtaining these results is the triquark state, they may find some use in other applications of 
the SU{6) group. 



5.2.1 SU{6) unitary scalar factors 

To minimise the complexities, we first summarize the notations. A member of an SU{2) 
muhiplet is denoted by {(2/ + 1), J3}; e.g., the Sz = +| state of a spin-half particle is {2, +|}. 

For SU{3), the sub-representations are designated by the SU{2Y representation^ and the 'hyper- 
charge', y^. Thus, one uses the combination {R^, a, /|} where R^ is the SU{3) representation 
and a = [(2/'^ + l), V^]. For illustration, a quark state with /| = +| and F^ = | will be denoted 
as{3,[2,l],+i}. 

Putting the above together, an SU{6) state is denoted by {Rq, {R3, a, J|}, {{21 + 1), I^}) where 
Rq is the SU{6) representation while {i?3,Q;, J3} and {(2/ + l),/3} characterize the corre- 
sponding SU{3) and SU{2) sub-representations. The quark state mentioned above, will be 
(6, {3, [2, |], +|}, {2, ±|}), where the SU{3) {SU{2)) quantum numbers are enclosed in the 
first (second) braces. In most of the following, it will be possible to suppress a, /| and I3 - e.g., 
the quark state = (6,3,2). This is because the unitary scalar factors and the Racah coefficients 
are independent of a, /| and J3. 

The SU{6) unitary scalar factors are generalisations of the SU{3) isoscalar factors. The Clebsch- 
Gordan (CG) coefficients of SU{2) are well known, li i ^ j = k (B ■ ■ ., where i,j, k are SU{2) 
representations, we use CG{SU{2)ij^k) as an abbreviation for the usual C*'-''-, ^ [97]. 

Using the SU{2) submultiplets within an SU{3) representation, the CG coefficients for SU{3) 
can be expressed in terms of products of isoscalar factors and SU{2) CG coefficients. Schemat- 
ically, for the case P ® Q = R® ■ ■ ■'■ 

' P Q R' 

ap aq ur 



CG{SU{3)p,Q,n) 



X CG(5t/(2),„,^,,J, (5.1) 



where the ctj, i = P,Q,R indicate the sub-representations of the SU{3) representations P, Q, R. 
The first factor on the right-hand-side is the SU{3) isoscalar factor. It is independent of 
/p3, /q3, Ifi^. Tables of SU{3) isoscalar factors have been available for long [98]. 

Similarly, in SU{6), ifX^Y = Z®... then 

X Y Z 



CG{SU{Q) 



X,Y,ZJ 



{Px,Ix) {Py,Iy) {Pz,Iz) 

xCG{SU{3)p^,P^,P,) X GG{SU{2)j^j^j^). (5.2) 

Here, the first factor on the right-hand-side is an SU{6) unitary scalar factor - the generalization 
of the SU{3) isoscalar factor. Px{Ix) indicates the SU{3) {SU{2)) sub-representation within 
the SU{Q) muhiplet X. 

Since the triquark state is made out of two quarks (gi, ^2) and an antiquark (^3), the following 
SU{Q) combinations arise: 

qq state : 6 ® 6 = 21 © 15 (5.3) 



^The superscript 'c' has been added to indicate the subgroups of 5'C/(3). 



ggg state: 21 ® 6 = 120 © 6f , 15®6 = 84©6t (5.4) 

or, alternatively, 

qq state : 6 © 6 = 35 © 1 (5.5) 

qqq state: 35 © 6 = 120 © 84 © 6f , 1 © 6 = 6f . (5.6) 

The superscripts and ip will be clarified in the next subsection where we identify the Racah 
coefficients which relate (6{, 62) to {Qi,Qt)- 

For the purpose of the triquark, the SU{6) CG coefficients for the product 21 © 6 = 120 © 6 
are necessary. We have not been able to find the SU{6) unitary scalar factors for this product 
in the published literature [99]. Here, therefore, their ab initio calculated values are presented. 
We follow the generalized Condon-Shortley phase convention [100] and obtain: 



21 6 6 

(6,3) (3,2) (3,2) 



21 6 6 

(3,1) (3,2) (3,2) 



(5.7) 



Also, 



21 6 120 

(6,3) (3,2) (3,2) 



21 6 120 

(3,1) (3,2) (3,2) 



For the sake of completeness, the SU{6) unitary scalar factors for the case 15 
are: 



and 



15 6 6 

(6,1) (3,2) (3,2) 

15 6 84 

(6,1) (3,2) (3,2) 



15 6 6 

(3,3) (3,2) (3,2) 

15 6 84 

(3,3) (3,2) (3,2) 



(5.8) 

6 = 84 © 6 

(5.9) 

(5.10) 



5.2.2 Racah coefficients for the triquark cluster 

SU{2) and SU{3) 

In this subsection, after recapitulating the concept of Racah coefficients, using angular momen- 
tum as an illustration, the necessary results useful for the triquark case are presented. 

When three angular momenta ji, J25J3 are added, one can obtain the same final angular mo- 
mentum j by, for example, (a) combining ji and J2 first to get J12 and adding J3 to it, or 
by (b) first adding ji and J3 to obtain J13 and then combining it with J2, or by (c) adding 
j2 and j3 to obtain J23 and then adding ji to it. The states of the representation j obtained 
by these three different routes, may be denoted by \ji,J2,J3;ji2,j,m), \ji,J2,J3;ji3,j,m), and 
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Iji; J2! is; J23; i;''^)) respectively. These three sets of states are related to each other by uni- 
tary transformations whose coefficients, U, are called the normalized Racah coefficients. For 
example, 



U{jl,J2, J3,j;jl2, jis) = (jl, J2, Js; jl2,j, m\Jl,J2, js] jl3, j, m) . 



(5.ii; 



The triquark state is of the structure (gig2^3)- Since the quarks (antiquarks) transform as 6 
(6) of colour-spin SU{6), for the analysis of these states one requires the Racah coefficients for 
SU{6) for the product 6x6x6. 

For most purposes, it actually suffices if one has the colour SU{3) and spin SU{2) Racah 
coefficients. 

The same final triquark state may be reached by first combining gi and g2 (colour: 3x3 = 3 + 6 
and spin: 2x2 = 3 + 1) and then combining with each of these possibilities the antiquark state 
qs. An alternate way of obtaining the same state is to first pair gi with q^ (colour: 3x3 = 8 + 1 
and spin: 2x2 = 3 + 1) and then adjoining g2 fo the result. A third possibility is obtained by 
interchanging gi <-» g2 in the previous alternative. 

We concentrate, in the interest of the pentaquark application, on the triqark state which trans- 
forms like a colour SU{3) triplet and an SU{2) doublet. The basis states in this sector may be 
denoted as: 

/|0i)\ (\{qiq2)\{qz)fi[3,2)\ 

\(t>2) ^ I(?l?2)l(g3)2)(3,2) 
103) I(gig2)i(g3)2)(3,2) 

\\<t>^)J \\{qiq2m3)l)i3,2)/ 



(5.12) 



and 



/l^i)\ 
1^2) 
1^3) 

V 1^4) / 



f\iqiq3)\{q2)l){3,2)\ 
I(gig3)?(g2)i){3,2) 

l(gi^3)3(?2)i){3,2) 
Vl(M3)i(g2)i)(3,2)y 



f\Xl)\ 

1X2) 

1X3) 

VIX4)/ 



/l(M3)K?l)i)(3,2)\ 

I(g2g3)?(gi)i)(3,2) 
\iq2q3)l{qi)l)(3,2) 

Vl(M3)i(gi)i){3,2)y 



(5.13) 



The notation used here, for example, is that the triquark state with SU{3) {SU{2)) multiplicity 
c' (s') obtained through the diquark combination (51^2) with SU{3) and SU{2) multiplicity c 

){c',s')- 



and s, respectively, is represented as \{qiq2)'s{q3)2) { 



These possibilities are related by Racah-like coefficients which are found by explicit calculation 
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and 
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S't/(6) Racah coefficients 



One can use the unitary scalar factors in eqs. (5.7) - (5.8) to write: 

kl?2g3)(6f,3,2) = 



>4) + a/tt |0i), I gig2g3) (120,3,2) = a/tt 104) - a/= |0i)- (5.16) 



From eqs. (5.9) - (5.10) the states obtained if the diquarks are in the 15 of S'f/(6) are: 



W^l^qz) 



(6f,3,2) 



- 102) + \\t 103), 1 9l?2g3) (84,3,2) 



^102) 



3). 



(5.17) 



Using eq. (5.14) one then has: 



ki92g3) 



(6f,3,2) 




12 



l^i) 




21 



1^2) 




28 



1^3) 



1^4) 



and 



kig2g3)( 

Thus, one arrives at the Racah coefficients: 



'(6^3,2) 




^1^1) 




^1^2) 



l(6t,3,2)) 
1(6^3,2)) 



'^1^3) -^^1^4) 



1(6^3,2)) 
1(6^3,2)) 



The non-trivial unitary scalar factors corresponding to eq. (5.6) can be written as: 



35 6 a 

I (3,2) (3,2) 



f/,;. 



(5.1^ 



(5.19) 



(5.20) 



(5.21; 



with I = 1,2,3 corresponding to (8,1), (1,3), and (8,3) while a = 1,2,3 to 120, 84, and 6[. 
Then, 

/— 4/X —J— J— \ 



U 



28 



v 



21 

8_ 
15 

35 



84 



60 

24 
35 



(5.22) 



Now we turn to the application of these results to the pentaquark. 
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5.3 Colour-spin hyperfine interaction 

Besides colour electric forces between all quarks and antiquaries, there exists a colour-spin 
hyperfine (colour magnetic) interaction [101]. In the KL model, it is assumed that this interac- 
tion is operative inside the clusters but, due to the larger separation, the hyperfine interaction 
between clusters is negligible^. The colour-spin SU{6) hyperfine interaction energy is: 

^ = -$^^^.,(^..^)(A1.A;). (5.23) 

Here, a and A are the Pauli and Gell-Mann matrices, and i and j run over the constituent 
quarks and antiquarks. The common practice is to take Vij = v (flavour symmetry), v captures 
information about the radial dependence of the bound state wave-function. For a composite 
system of Ug quarks and n^ antiquarks, the hyperfine energy contribution is given by: 

Ehyp = [Diq + q)- 2D{q) - 2D{q) + 16(n, + n,-)] v/2, (5.24) 

where 

D{R,, i?3, s) = CiRe) - CsiRs) - ^s(s + 1). (5.25) 

Cq and C3 are the quadratic Casimir operators of SU{6) and SU{3) respectively, and s, is the 
spin of the state. The effect of this hyperfine interaction on multiquark exotic states has been 
a topic of research over several decades [103, 104]. 

The mass estimate for the pentaquark proceeds along the following pattern. There are three 
contributions: (a) the masses of the constituent quarks, (b) the colour-spin hyperfine energy, 
and (c) the energy due to the P-wave excitation. The practice has been to estimate (a) from 
the masses of the decay products, (baryon + meson), since their quark content is the same as 
that of the parent; but here the hyperfine interaction contribution to the baryon and meson 
mass must be first subtracted out, as detailed in section V. Thus, the hyperfine interaction 
enters directly in (b) and also indirectly in (a) through the way it is extracted. 



5.4 Hyperfine energies 

5.4.1 Mesons and Baryons 

As noted, the hyperfine interaction contributions to the meson (qq) and baryon {qqq) masses 
are required for the estimation of the pentaquark mass. These can be readily calculated using 
eq. (5.24). For example, in the flavour symmetry limit, one finds: 

16 

En(70,1,2) = -^V, Ea{20,1A) = ^V, -E^{1,1,1) = -16t;, -Ep(35,i,3) = —V, (5.26) 

where in the parentheses the SU{6), SU{3), and SU{2) properties of the particle have been 
indicated. 



^Inclusion of the intcr-clustcr hyperfine interaction has also been considered [102]. 
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5.4.2 The diquark cluster 

As already mentioned, the diquark (qq) is usually chosen to be in the (21,3,1) representation 
which is symmetric in SU{6). In addition, a diquark can be in the (21,6,3), (15,6,1), and 
(15,3,3) but these have higher energy. One finds from eq. (5.24) that the hyperfine energies for 
these four states are: 

4 8 

^(21,3,1) = -^V, ^(21,6,3) = -g^, ^(15,6,1) = ^^^ ^(15,3,3) = o^- (5-27) 

5.4.3 The triquark cluster 

The triquark cluster in the Karliner-Lipkin model is a member of the (6,3,2) multiplet and 
contains two quarks and an antiquark. The two quarks are assumed to combine to a symmetric 
21 of colour-spin SU{6). For SU{6) 21 (S)6 = 6 © 120, and the triquark (120,3,2) carries higher 
hyperfine energy. If the two quarks are combined in an antisymmetric fashion, producing a 15 
of SU{6), then^ the triquark can be in (6,3,2) or (84,3,2). 

More important is the fact that in the existing literature, the triquark in the (6,3,2) is assumed 
to be made with the two quarks within the cluster forming a (21,6,3). In actuality, so long 
as fiavour symmetry of the hyperfine interaction holds, the lowest energy eigenstate of SU{6) 
receives contributions from both the (21, 6, 3) and the (21, 3, 1) combinations - see eq. (5.7) - 
and this triquark has the form given in the first expression in eq. (5.16). The other possible 
triquark states are the second expression in eq. (5.16) and the ones in eq. (5.17). 



The triquark hyperfine energy 

The calculation of the triquark hyperfine energy using eq. (5.24) is complicated by the fact that 
the operator D{q + q) and D{q) do not commute; e.g., in eq. (5.16) an eigenstate of -D(g + q) 
is expressed as a linear combination of those of D{q). 

To circumvent this difficulty, we use the following procedure. We consider the contribution of 
eq. (5.23) for the triquark state term by term as: 

V = Vu{ai.a2){\i.\2) + Vi3{ai.a3){\i.\3) + V23{a2-c^3){\2.\3). (5.28) 

The hyperfine energy from each term is most readily calculated in the basis where the two 
contributing quarks/antiquarks are first combined [105]; i.e., corresponding to the three terms 
in the r.h.s. of eq. (5.28) these are the |0), \ip), and |x) bases of Sec. 5.2, respectively. They 
are related to each other through eqs. (5.14) and (5.15). In terms of these basis states, one can 



^In SU{6), 15 (E" 6 = 6 ® 84. In the absence of flavour symmetry, the triquark is a superposition of these and 
the 6 and 120 (see later). 
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immediately write down the expectation value of the Hamiltonian in eq. (5.28). Thus^, one 
has: , „„ ^ ^ . 



IV^I 



/ 4 T/ I 20 T/<? 

4v^Kf 



§1/ -L St/'' 



iO.T/<?^ 



v 



where Kf = \/i,±\/5 



ll^l 



'23- 



Analogously, 



/r- 



1^13 + f 1^23 



16 T/^ 

3v^^- 



'V^12 



73 



v 






14 T/ 
V^23 



v^ 



2761/,* 



16 T/V' 

3^2^- 





V3 - 

2V6V:f 

-4\/i2 





2y6v:f\ 





8V^i2 



(5.29) 



4 T/ 14 T/ 

73^12-75^/23 

^^ + 

-2\/i3 




V6^+ \ 



16V^i3 / 



(5.30) 



where V^ = V12 ± V23. (x|V^|x) is similar and is not presented here. 

The eigenvalues and eigenvectors of this matrix give the triquark energy and its corresponding 
group theoretic configuration, respectively. 

The method which we follow can be smoothly adopted to the case of flavour symmetry violation 
by appropriately changing the individual coupling strengths in the three terms of eq. (5.28). 
In the flavour symmetry limit, V12 = V23 = V13 = v, whence VT = V_ = 0. It is seen from eq. 
(5.29) that (01,04) decouple from (02,03) in this limit. 



5.5 Pentaquark masses 

5.5.1 Hyperfine interaction couplings 

Needless to say, the strength of the colour-spin hyperfine interaction, v, is an important ingre- 
dient of the pentaquark mass estimation. The procedure has generally been to assume that 
it takes a universal value which is estimated by ascribing the A — N mass splitting to this 
interaction. Using eq. (5.26), 



V3 



16 



18.3 MeV. 



(5.3i; 



While this can be a first approximation, it should be borne in mind that v is determined by 
the radial dependence of the bound state wave-function and thus is most likely different for 
two-body and three-body bound states. Indeed, using eq. (5.26) for the meson sector one has. 



V2 



nip — rriT^ 
64/3 



29.6 MeV. 



(5.32) 



*This form was noted in [105] 
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This is actually an overestimate of V2 since it is well known that the pion mass is too small 
for a simple quark model interpretation. Eq. (5.32) is only for the purpose of illustration^. 
However, it does indicate that it may not be unreasonable to expect that V2 7^ v^ would give a 
better approximation to reality. In the following, in addition to discussing the results for the 
choice V2 = V3, for the sake of comparison, we also use a V2 for the diquarks different from the 
V3 for the triquarks. 



5.5.2 Flavour symmetry breaking 

In the limit of exact flavour symmetry, the splitting between the lowest lying pseudoscalar 
mesons and the corresponding vector mesons with the same quark content would be flavour 
independent. A measure of flavour symmetry breaking can be obtained from 

Xf = ~ 0.63. (5.33) 

nip — m^r 

This suggests that the hyperfine interaction involving an s-quark or antiquark carries a sup- 
pression by the factor Xf. In eqs. (5.32) and (5.33) the use of m^ makes the precise values 
inaccurate. To improve upon this, we use the masses of the heavier mesons p, 0, K* , and K. 
Using eq. (5.26), the hyperfine contributions for these states are, respectively, 

16 16 2 16 , , 

Ep = —V2, E^ = —Xf2V2, Ek* = —Xf2V2, Ek = -l6Xf2V2, (5.34) 

Here we have added a subscript to v and Xf to indicate that these values of the hyperfine 
parameters apply for two-quark and/or antiquark systems. Using the masses of the mesons, 
one can solve for the hyperfine interaction parameters {v2,Xf2) as well as the quark masses. In 
this manner, one gets: 

V2 = 23.62 MeV, Xf2 = 0.782, m„,rf = 322 MeV, m^ = 471 MeV. (5.35) 

These values are used in our subsequent calculations. 

There are two three-body systems which enter in this analysis. One is the triquark state and 
the other the baryon to which the pentaquark decays. Just as for mesons, one can estimate the 
values of f 3 and x/3 from the N — A and S — S* mass splittings which are given by: 

16 16 

Ea-En = IQv3, Ej:*-Ej, = —vs{2xf3 + l), E^* - E^ = —v^x f^ix f^ + 2) . (5.36) 

As a consistency check, we use the values so obtained to calculate the S — S* splitting and find 
that the agreement is not satisfactory. Therefore, we use all of the three above splittings to 
arrive at the best-fit values: 

W3 = 17.89 MeV, Xf^ = 0.708. (5.37) 

In the following, these have been used for the triquark and baryons. 



^We extract V2 from heavier mesons in the next subsection. 
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5.5.3 P-wave excitation 

The energy due to the P-wave excitation can be estimated from the recently observed D* state 
at 2317 MeV, which is beheved to be an orbital excitation of the state at 2112 MeV. This gives^ 



Ep = niDiiP) - mDi{S) ~ (2317 - 2112) MeV = 205 MeV. 



(5.3^ 



5.6 Results 



5.6.1 The flavour antidecuplet and the octet 

Putting together the inputs from the previous sections, one can readily obtain the masses of 
the pentaquark states in the Karliner-Lipkin model. For example, for G"*", using eqs. (5.26) 
and (5.27): 

m0+ = {{niN + 8t;3) + (m^ + m^)} + Ep ~ %V2 + Eiri(t^3,a;/3), (5.39) 

where the expression in the curly brackets is the contribution from the quark masses. The last 
(penultimate) term is the hyperfine energy of the triquark (diquark). For other pentaquarks, 
the r.h.s. in eq. (5.39) has to be appropriately modified to reflect the quark content of the state 
and, when necessary, deviations from flavour symmetry have to be incorporated in eq. (5.28) 
to obtain the correct Etri{v3,Xf3). 



Pentaquark 

states 


Mass (in MeV) 


6+ 


iVio 


Sio 


Sio 


Ns 


Ss 


^8 


Lowest 


1601 


1358 


1626 


1783 


2057 


2217 


2326 


SU{Q) Excited 


1789 


1573 


1840 


1966 


2321 


2439 


2512 



Table 5.1: Pentaquark lowest lying state and first colour-spin excited state masses for the reference values 
of the parameters in eqs. (5.35) and (5.37). 



As noted earlier, the pentaquark states fill an octet and an antidecuplet of flavour. Excepting 
for the three states, O^ = ududs, S = dsdsu, and S+ = ususd, all other states in the 
antidecuplet have partners in the octet with identical isospin and hypercharge. In estimating 
the masses, we have assumed ic^ea/ mixing between the partners and ascribed the %/ifer member 
to the antidecuplet. Note that isospin symmetry is assumed unbroken, so it is enough to present 
the mass of one member of an isomultiplet. The masses of the pentaquark states at the reference 
values of the parameters - see eqs. (5.35) and (5.37) - are given in Table 5.1. 

In Fig. 5.1, in the left panel the antidecuplet pentaquark masses are shown as a function of 
the flavour symmetry violation parameter Xf, which assumes the value unity in the symmetry 



^Alternatively, one might use Ep 



'Mi 



all pentaquark mass estimates below by ^ 85 MeV. 



^A( 



l) + 



(1406 - 1116) MeV = 290 MeV. This will increase 
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limit. In view of the closeness of the estimates of Xf in eqs. (5.35) and (5.37), for this figure we 
have taken Xf^ = Xf2 = Xf. The triquark interaction strength has been kept fixed at v^ = 17.89 
MeV. The bands arise from a variation of the strength of the diquark hyperfine interaction, 
V2, with the lower edge corresponding to V2 = fs and the upper to V2 = 23.62 MeV (see eq. 
(5.35)). For this figure, Ep has been chosen as 209 MeV, following eq. (5.38). It is observed 
that the triquark corresponding to the lowest eigenvalue of the hyperfine energy Hamiltonian 
- eq. (5.29) - is predominantly a combination of the states 0i and 04 (see eq. (5.12)) which 
are antisymmetric in the quark flavours. 
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Figure 5.1: Dependence of pentaquark masses on the deviation from flavour symmetry {xj = 1). The left 
(right) panel corresponds to flavour antidecuplet (octet) pentaquarks. The bands are obtained when the 
diquark hyperfine interaction strength is varied over the range 17.89 MeV < f 2 < 23.62 MeV (see text). 

Note that, A^io, the non-strange member of the antidecuplet^ is predicted to be at a mass of 
1355 MeV for V2 = fs which is enhanced to ~ 1400 MeV when V2 = 23.62 MeV is used. This 
prediction is independent of the choice of Xf since the state does not have strange quarks. For 
the exotic H^q" state the mass prediction is in the range 1795 - 1825 MeV for Xf = 0.7 to be 
compared with that of the experimentally observed state at 1862 MeV [90]. 

In the right panel of Fig. 5.1 are shown the octet pentaquark masses. The splitting between 
the masses of the octet states and the corresponding antidecuplet states is seen to be typically 
around 500-600 MeV. As noted earlier, at the level of these calculations, the masses of the 1=1 
and 1=0 members of the octet with S = -1 are the same. The non-strange neutral state in the 
octet, iVg, has the quark structure {uds){ds) and its mass is consequently dependent on xj. 

A remark needs to be made about the symmetry property of the triquark state for the octet 
pentaquarks. This feature is most easily brought out from a consideration of the S = -2 member 



^This state could have been proposed as a possible interpretation of the Roper resonance at 1440 MeV. 



97 



of the octet, Sg, which has the quark structure {us){sss). The diquark is antisymmetric in 
flavour so its choice is fixed. Unhke all the other states, here the triquark is compelled to have 
two identical (s) quarks, besides the antiquark. Consequently, in the notation of section II, it 
can arise only from a combination of the states 02 and 03 (see eq. (5.12)) which are symmetric 
in fiavour. Obviously, all states in the pentaquark octet will share this feature in the exact 
flavour SU{3) limit. 

The HI experiment at HERA found evidence of a possible charmed pentaquark at mass 3099 
MeV [91]. This state has the quantum numbers of a pentaquark with the structure ududc. 
Including flavour violation (x/ = 0.23 for the c quark) and taking V2 = 23.62 MeV, vs = 17.89 
MeV, we flnd the predicted mass for such a state is 2757 MeV. 



5.6.2 Triquark SU{6) excitations 

Colour triplet, spin ^ triquarks come in four varieties. These are the four eigenstates of the 
hyperflne energy matrix in eq. (5.29). The results presented so far are obtained using the 
eigenstate with the minimum energy consistent with symmetry requirements - a certain choice 
of colour-spin assignments for the quark clusters - and leads to the lowest lying pentaquarks. It 
is evident that the other triquark eigenstate clusters also lead to colour singlet spin | pentaquark 
states, albeit heavier. How different are the masses in these other cases? 

For illustration, we show in Table 5.1 the masses of the flrst excited partners of the antidecuplet 
and octet pentaquarks for the reference values of the hyperflne interaction parameters. In the 
flavour symmetry limit {xf^ = Xf2 = 1), the spacing between the excited states is independent 
of the flavour and the lowest and flrst excited states are separated by 215 MeV (370 MeV) for 
every member of the antidecuplet (octet). 

There is no obvious argument to suppress the production of these additional states. It will be 
of interest to extend the ongoing searches to look for such SU{6) colour-spin excited partners, 
a novelty of QCD and the pentaquark system. 



5.7 Conclusions 

A pentaquark interpretation of the Q~^ leads to predictions of several other colour singlet states 
in a similar mass range which populate an antidecuplet and an octet of flavour SU{3). In 
this work, the masses of these pentaquark states have been calculated in a triquark-diquark 
(Karliner-Lipkin) model with reflned estimates, up to flrst order, of the color-spin SU{6) hy- 
perflne interaction contributions. 

Motivated by the structure of these states, the SU{6) unitary scalar factors relevant for the 
qqq triquark structure and the Racah coefficients, not available in the literature, have been 
calculated ab initio. Using these results, the colour-spin SU{6) hyperfine contributions have 
been obtained taking two variations from the simplest picture. One of these concerns the 
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deviation from flavour symmetry. The other originates from a possible difference in the strength 
of the hyperfine interaction for two- and three-quark bound states which can be related to the 
known splittings in baryonic and mesonic systems. Both of these variations do affect the 
pentaquark mass predictions. An element of uncertainty is introduced in these mass estimates 
by the P-wave excitation energy for which we have used the information from the D-meson 
system. 

The triquark states within the antidecuplet and the octet are chosen, for good reason, to be 
the lowest eigenstate of the hyperfine energy Hamiltonian satisfying symmetry requirements. 
The other eigenstates are possible triquark states of SU{6) colour-spin excitations. The masses 
of colour singlet, spin ^ pentaquarks resulting from these triquark excitations have also been 
estimated. 

Irrespective of whether the claimed observation of the 0''' baryon is vindicated or not, pen- 
taquarks can prove to be the tip of a revealing iceberg of new hadronic states illuminating novel 
facets of QCD. 
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Chapter 6 

Summary and Conclusions 



The authenticity of the existence of a theory beyond the standard model is now beyond doubt. 
We have already had experimental evidence, like neutrino mass, in its favour from the electro- 
weak sector. In addition, we have different theoretical as well as conceptual problems like the 
hierarchy problem etc. discussed in the Introduction. Beyond the standard model, thus, is 
an obvious area one should look into in order to explain the present and future experimental 
data as well as to have a clear picture about the physics. As the LHC is getting all set to 
roar in 2008, expectations are mounting as we prepare ourselves to get a glimpse of new and 
unexplored territory. New physics of different incarnations, especially supersymmetry and/or 
extra dimensions, are crying out for verification. So based on the current experimental data we 
put some constraints on different parameters of new physics possibilities and also discuss how 
the characteristics of different standard model phenomena change in the presence of such new 
physics. 

The first two works of my thesis, discussed in chapters 2 and 3, are devoted to the physics of 
extra dimensions. In chapter 2 we have discussed how the evolutions of different gauge, Yukawa 
and quartic coupling constants are affected in the presence of extra dimensions. How they differ 
from the conventional SM behaviour has been the subject of our investigation in that work. In 
that chapter we have performed a diagram by diagram book-keeping leading to the evolution 
equations. We have observed that low gauge coupling unification scales can be achieved due 
to the power law evolution of the coupling constants. The unification scale depends on R, and 
is approximately given by A ~ (25 — 30) /R. The 'triviality' and 'vacuum stability' bounds 
on the Higgs mass have been studied in the context of power law evolution. This limits the 
Higgs mass in the range 148 ^mn ^186 GeV at the one-loop level. We had also pointed 
out for the first time that if low energy SUSY is realised in Nature, then the requirement of 
perturbative gauge coupling unification pushes the inverse radius of compactification all the 
way up to ~ 10^*^ GeV. Thus if superpartners of the SM particles are observed at the LHC, the 
nearest KK states within the UED framework are predicted to lie beyond the boundary of any 
observational relevance. 
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In chapter 3 we have probed how much the upper hmit on the hghtest neutral Higgs mass, 
m/j, could be relaxed, should the MSSM be embedded in one {S^ /Z2) or two [T"^ /Z^ extra 
dimensions. As the large contribution will come from the top family, we had in our model only 
allowed third generation of fermions with their superpartners to access the extra dimension. 
This also helps to keep the theory perturbative in the intended zone of R. The KK towers of the 
top quark and stop squarks provide a positive contribution to m^ raising it by several tens of 
GeV. Ignoring the left-right scalar mixing and assuming moderate tan/? ~ (5 — 10), we obtain 
Am|(KK) ~ (60 GeV)^ x {MsRY in the 5d scenario. Including the left-right scalar mixings, 
i.e., non-zero /i and trilinear parameters, somewhat enhances the magnitude of the correction. 
In the 6d theory with two extra dimensions compatcified on a chiral square the correction gets 
sizably enhanced due to a denser packing of KK states. At the same time the low tan (3 region 
can be revived in this scenario. 

The problem of low intermediate left-right symmetry breaking scales, as preferred by leptoge- 
nesis, in the minimal supersymmetric 5*0(10) GUTs with only doublet Higgs scalars as well as 
with triplet scalars is discussed in chapter 4. The minimal renormalizable triplet model with 
Higgs representations 210 © 126 © 126 © 10 is excluded as a candidate for any low value of 
left-right symmetry breaking intermediate scale. We find in agreement with previous work, that 
in the minimal models, at the one-loop level gauge coupling unification requires the scale of left- 
right symmetry breaking to be close to the GUT scale. Inclusion of the two-loop contributions 
eliminates even this possibility as no solution can be found at all with an intermediate scale. 
On the other hand, evading the gravitino problem, which would otherwise plague successful 
big bang nucleosynthesis, would require Mr < 10^ GeV. We have pointed out that this im- 
passe can be circumvented in the case of the doublet model by including threshold corrections 
near the GUT scale, including non-renormalizable interactions due to gravity induced Planck 
scale effects, or by adding new light scalar multiplets. In the last alternative, the additional 
light submultiplets used are present in representations commonly used in 5*0(10) non-minimal 
models, but they are different from those which emerge from mass spectra analysis [74]. These 
considerations allow the left-right symmetry breaking scale to be low, as low as even a few 
TeV, making it phenomenologically interesting. The unification scale obtained in the doublet 
model using the first two methods turns out to be large, making it safe for Higgsino mediated 
proton decay as well as fermion mass relations. In the triplet model, although threshold effects 
can easily decrease the intermediate scale, we find a perturbative lower bound, Mr > 10^ GeV, 
below which the intermediate scale cannot be lowered. 

Besides the discussion of different new physics beyond the standard model we have also tried 
to explore some features of quantum chromodynamics in chapter 5. In this work, the masses 
of the pentaquark states have been calculated in a triquark-diquark (Karliner-Lipkin) model 
with refined estimates of the colour-spin SU{6) hyperfine interaction contributions. Motivated 
by the structure of these states, the SU{6) unitary scalar factors relevant for the qqq triquark 
structure and the Racah coefficients, not available in the literature, have been calculated ab 
initio. The result is used to determine the tree level pentaquark masses properly. Irrespective 
of whether the claimed observation of the 0^ baryon is vindicated or not, pentaquarks can 
prove to be the tip of a revealing iceberg of new hadronic states illuminating novel facets of 
QCD. 
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